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ABSTRACT
T h i s  d i s s e r t a t i o n  i s  c o n c e r n e d  w i t h  t h e  i d e a l  t h e o r y  
o f  a  c o m m u ta t iv e  r i n g  R (w h ic h  may n o t  h a v e  an. i d e n t i t y ) . A 
r i n g  R i s  s a i d  t o  h a v e  p r o p e r t y  (N) p r o v i d e d  t h e  f o l l o w i n g  
t h r e e  c o n d i t i o n s  a r e  s a t i s f i e d :
(1 )  The a s c e n d i n g  c h a i n  c o n d i t i o n  on  i d e a l s  o f  R .
(2 )  P r o p e r  p r im e  i d e a l s  o f  R a r e  m a x im a l .
(3 )  The r i n g  R i s  i n t e g r a l l y  c l o s e d ;  an d  R h a s  
p r o p e r t y  (v )  p r o v i d e d  ( 1 ) 5 (3 )  and
( 2 '  ) d im e n s io n .  R < 1 
h o l d  in. R . T hey  a r e  c a l l e d  N - r i n g s  and  v - r i n g s  r e s p e c t i v e l y .
I f  R i s  a  domain, w i t h  an. i d e n t i t y  w i t h  e i t h e r  p r o p e r t y  (N)
o r  (v )  then . R i s  a  D e d e k in d  dom ain  and  c o n v e r s e l y .
I f  R i s  a  r i n g  and  S i s  a  r i n g  w i t h  i d e n t i t y  e
c o n t a i n i n g  R a s  a  s u b r i n g ,  t h e n  we d e n o te  [ r + n e | r e R ,  n. 
an. i n t e g e r )  b y  R * ( S ) .  In. c a s e  D i s  a  dom ain  D* w i l l  mean. 
D*(K) w h e re  K i s  t h e  q u o t i e n t  f i e l d  o f  D .
We show t h a t  a  domain. D i s  an. N-domain, i f  an d  o n l y  i f
D i s  a  p r o d u c t  o f  d i s t i n c t  p r im e  i d e a l s  i n  a  D e d e k in d  domain.
D w h ic h  i s  a  f i n i t e  D * -m o d u le .  We a l s o  g i v e  a  
c h a r a c t e r i z a t i o n ,  o f  v - r i n g s  w h ic h  c o n t a i n  a  r e g u l a r  e le m e n t  
and N - r i n g s  w i t h  z e r o  d i v i s o r s .
i v
In. C h a p te r  IV we s t u d y  r i n g s  R o f  t h e s e  t h r e e  k i n d s :
( i )  e a c h  p r o p e r  hom om orph ic  im age  o f  R i s  a  g e n e r a l  Z . P . I .  
r i n g j  ( i i )  e a c h  p r o p e r  hom om orph ic  im age o f  R i s  a  
p r i n c i p a l  i d e a l  r i n g  ( P . I . R . ) ,  ( i i i )  R i s  a  dom ain  i n  w h ic h  
e a c h  n o n z e r o  i d e a l  i s  i n v e r t i b l e .  We n o t e  t h a t  an y  o f  t h e  
a b o v e  p r o p e r t i e s  i s  a  g e n e r a l i z a t i o n ,  o f  t h e  c o n c e p t  o f  a  
D e d e k in d  d o m a in .
A n o th e r  g e n e r a l i z a t i o n  o f  t h e  c o n c e p t  o f  a  D e d e k in d  
domain, i s  a  domain. D w i t h  t h e  f o l l o w i n g  p r o p e r t y :  f o r  e a c h  
i d e a l  A o f  D t h e r e  e x i s t s  a  n o n - n e g a t i v e  i n t e g e r  m = m(A)
m nsu c h  t h a t  AD = I I P .  where- e a c h  P. i s  a  p r im e  i d e a l  o f
i = l  1  1
D ( s u c h  a  dom ain  i s  c a l l e d  a  d - d o m a in ) .  The domain, o f  
even, i n t e g e r s  i s  an. ex am p le  o f  a  d -d o m a in  w h ic h  i s  n o t  a  
D e d e k in d  d o m a in .
We p r o v e  t h a t  a  domain. D i s  an. i n v e r t i b l e  d-dom ain. 
i f  and  o n l y  i f  D i s  a  p r im e  i d e a l  in. t h e  D e d ek in d  domain.
D* . We then , g i v e  an. ex am p le  t o  show t h a t  t h e  h y p o t h e s i s  
t h a t  D b e  i n v e r t i b l e  i s  n e c e s s a r y .
v
CHAPTER I  
INTRODUCTION
T h is  d i s s e r t a t i o n  i s  c o n c e r n e d  w i t h  t h e  i d e a l  
t h e o r y  o f  a  c o m m u ta t iv e  r i n g  R (w h ic h  may n o t  h a v e  an. 
i d e n t i t y ) . We s a y  t h a t  R i s  i n t e g r a l l y  c l o s e d  in. i t s  t o t a l  
q u o t i e n t  r i n g  T ( o r ,  s im p ly ,  i n t e g r a l l y  c l o s e d ) p r o v i d e d  R 
c o n t a i n s  e v e r y  e le m e n t  a  e T s u c h  t h a t  a  i s  i n t e g r a l  o v e r  
R ( i . e .  a n  + r ^ a n _ ^ + . . . +  r ^  = 0 f o r  some r ^ , . . . , r n in. R ) .
A r i n g  i s  n - d i m e n s i o n a l  (n. a  n o n - n e g a t i v e  i n t e g e r ) ,  o r  h a s  
d im e n s io n  n. ( dim  R = n ) ,  p r o v i d e d  t h e r e  e x i s t s  a  cha in .
PQ < P i  < . .  . < < R o f  p r im e  i d e a l s  in. R and  t h e r e  i s
no s u c h  c h a i n  o f  p r im e  i d e a l s  w i t h  g r e a t e r  l e n g t h .  I f  R 
h a s  no  p r im e  i d e a l s  e x c e p t  R ,■ th en ,  we s a y  t h a t  dim  R = - 1  .
■ A . r i n g  i s  s a i d  t o  h a v e  p r o p e r t y  (N) p r o v i d e d  t h e  
f o l l o w i n g  t h r e e  c o n d i t i o n s  .a re  s a t i s f i e d : .
(1 )  The a s c e n d i n g  cha in , c o n d i t i o n  on. i d e a l s  
o f  R ( a . c . c . )
(2)  P r o p e r  p r im e  i d e a l s  ( i . e .  ^  R , ( 0 ) )  o f  R 
a r e  m a x im a l .
(3 )  The r i n g  R i s  i n t e g r a l l y  c l o s e d ;  and  R 
h a s  p r o p e r t y  (v )  p r o v i d e d  (1 ) ,  ( 3 ) and
(2* ) dim' R < 1
1
h o l d  i n  R. P r o p e r t i e s  (N) an d  (v )  a r e  n o t  e q u i v a l e n t  
ev en  in. a  d o m a in ,  b u t  (N) a lw a y s  i m p l i e s  ( v ) .  We s a y  
t h a t  R h a s  p r o p e r t y  (II) p r o v i d e d  e v e r y  i d e a l  o f  R i s  a 
p r o d u c t  o f  p r i m e  i d e a l s  o f  R ( r i n g s  w i t h  t h i s  p r o p e r t y  a r e  
c a l l e d  g e n e r a l  Z . P . I .  r i n g s ) .  I t  i s  w e l l  known, t h a t  i f  R 
i s  a domain, w i t h  an i d e n t i t y  t h e n  R h a s  p r o p e r t y  (N) i f  
and  o n l y  i f  R h a s  p r o p e r t y  (n). F o r  a  b r i e f  h i s t o r y  s e e  
[ 3 s 3 2 ] ,  and  i n  a d d i t i o n ,  s e e  [ 1 6 3 5 3 ] ,  [175  2 7 5 ] ,  [ 9 * 8 0 ] ,  [ 1 1 ] ,  
[ 1 5 ] a n d  [ 1 3 ] .  R in g s  h a v i n g  p r o p e r t y  (n) h a v e  been, s t u d i e d  
e x t e n s i v e l y  -  f o r  e x a m p le ,  s e e  [ 1 3 ] ,  [ 6 j 5 7 9 ] ,  [ 8 ] a n d  [ 2 ] .
In. [ 6 ] G i lm e r  s t u d i e d  d o m ain s  w i t h o u t  an i d e n t i t y  w h ic h  h a v e  
p r o p e r t y  (n). In. g e n e r a l  (N) and  (n) a r e  n o t  e q u i v a l e n t  
i n  a c o m m u ta t iv e  r i n g  -  i n  f a c t  t h e  r i n g  o f  even, i n t e g e r s  
h a s  p r o p e r t y  (N) a n d  d o e s  n o t  h a v e  p r o p e r t y  ( I I ) .
In  C h a p t e r s  I I  a n d  I I I  o f  t h i s  d i s s e r t a t i o n ,  we
i n v e s t i g a t e  c o m m u ta t iv e  r i n g s  h a v i n g  p r o p e r t y  ( N) ,  ( o r  
p r o p e r t y  ( v ) )  an d  s u c h  r i n g s  w i l l  be  c a l l e d  N - r i n g s  ( v - r i n g s ) .  
In  t h e  c a s e  when R i s  a  dom ain  t h e y  w i l l  b e  c a l l e d  N -d om ains  
( v - d o m a in s ) .
I f  R i s  a  r i n g  and  S i s  a  r i n g  w i t h  an i d e n t i t y
e c o n t a i n i n g  R a s  a  s u b r i n g ,  then , we d e n o te
[R + ne  | r e R , n  an. i n t e g e r )  b y  R * ( S ) .  In. c a s e  D i s  a 
dom ain  D* w i l l  mean D*(K) w h e re  K i s  t h e  q u o t i e n t  f i e l d  
o f  D u n l e s s  s t a t e d  o t h e r w i s e .
We show  t h a t  a  domain. D i s  an N -dom ain  i f  a n d  o n l y
3i f  D i s  a  p r o d u c t  o f  d i s t i n c t  p r im e  i d e a l s  i n  a  D e d e k in d  
domain. B w h ic h  i s  a  f i n i t e  D * -m o d u le . I n  o r d e r  t o  p r o v e  
t h e  a b o v e  th e o r e m ,  we f i r s t  o b t a i n  a  g e n e r a l i z a t i o n ,  o f  a  
th e o r e m  o f  A k iz u k i  [ l 4 ; 2 5 ]  w h ic h  s t a t e s  t h a t  an. i n t e g r a l  
domain. D w i t h  an. i d e n t i t y  h a s  t h e  r e s t r i c t e d  minimum (RM) 
c o n d i t i o n ,  i f  and  o n l y  i f  D s a t i s f i e s  ax io m s (1 )  and  (2 )  
a b o v e .  See T heorem  3* i t s  c o r o l l a r i e s  a n d  T h eo rem  22 f o r  
t h i s  r e s u l t .  A r i n g  R i s  s a i d  t o  h a v e  t h e  (RM) c o n d i t i o n , 
( o r  b e  an. R M -r in g ) ,  p r o v i d e d  R/A h a s  t h e  d e s c e n d i n g  ch a in , 
c o n d i t i o n ,  ( d . c . c . )  on  i d e a l s ,  f o r  a l l  i d e a l s  A ^ ( 0 ) . .  In. 
a d d i t i o n ,  some r e s u l t s  a r e  o b t a i n e d  c o n c e r n i n g  N - r i n g s  
( v - r i n g s )  w i t h  z e r o  d i v i s o r s .  I n  p a r t i c u l a r  i f  (1 )  and  (2 )  
h o l d  in. a  r i n g  R w h ic h  i s  n o t  a  dom ain  t h e n  (3 )  i s  v a l i d  i n  
R . F i n a l l y  we i n v e s t i g a t e  r i n g s  w i t h  t h e  p r o p e r t y  t h a t  
e v e r y  p r o p e r  r e s i d u e  c l a s s  r i n g  i s  an. N - r i n g .
I n  C h a p te r  IV " we c o n s i d e r  some a l t e r n a t i v e s  t o  o u r  
d e f i n i t i o n  o f  N -d o m a in .  F o r  e x a m p le ,  c o n d i t i o n .  (3 )  i s  
r e p l a c e d  b y :
( 3 1) The r i n g  R i s  i n t e g r a l l y  c l o s e d  a s  an. 
i d e a l  ( i . e .  R c o n t a i n s  a l l  e l e m e n t s  a  o f  T 
f o r  w h ic h  t h e r e  e x i s t s  e l e m e n t s  r ^  e R1 f o r  
i  = 1 , . .  . , n  su c h  t h a t  a n  + r ^ a n ~1+ . . .  + rn = 0 ) .
A r i n g  h a s  p r o p e r t y  (N1 ) p r o v i d e d  ( 1 ) ,  ( 2 )  a n d  ( 3 ' )  h o l d  i n  
R . We show t h a t  a  dom ain  D h a s  p r o p e r t y  ( N1) i f  an d  o n l y  
i f  D i s  an. i d e a l  i n  a  D e d ek in d  domain. B s u c h  t h a t  B i s
4a  f i n i t e  D * -m o d u le .
I n  a d d i t i o n  t o  d o m a in s  w i t h  p r o p e r t y  ( N1) ,  we s t u d y  
r i n g s  R o f  t h e s e  t h r e e  k i n d s :  ( i )  e a c h  p r o p e r  hom om orphic  
im age o f  R i s  a  g e n e r a l  Z . P . I .  r i n g ,  ( i i )  e a c h  p r o p e r  
hom om orphic  im ag e  o f  R i s  a  p r i n c i p a l  i d e a l  r i n g  ( P . I . R . ) ,  
( i i i )  R i s  a  domain, i n  w h ic h  e a c h  n o n - z e r o  i d e a l  i s  
i n v e r t i b l e .  We r e c a l l  t h a t  a  domain, w i t h  i d e n t i t y  in. w h ic h  
e i t h e r  o f  t h e  s e c o n d  tw o c o n d i t i o n s  h o l d  i s  a  D ed ek in d  domain, 
an d  we show t h a t  a  domain, w i t h  an. i d e n t i t y  s a t i s f y i n g  t h e  
f i r s t  p r o p e r t y  i s  a  D e d e k in d  d o m a in .
A n o th e r  g e n e r a l i z a t i o n  o f  t h e  c o n c e p t  o f  a  D e d e k in d
domain, i s  a  domain. D w i t h  t h e  f o l l o w i n g  p r o p e r t y :  f o r  e a c h
i d e a l  A o f  D t h e r e  e x i s t s  a  n o n - n e g a t i v e  i n t e g e r  m = m(A) 
m n.
s u c h  t h a t  AD = i ^ P i  w h e re  e a c h  P^ i s  a  p r im e  i d e a l  o f  
D ( s u c h  a  domain, i s  c a l l e d  a  d - d o m a in ) .  C l e a r l y  a  d-dom ain. 
w i t h  an. i d e n t i t y  i s  a  D e d e k in d  domain, a n d  t h e r e  a r e  d - d o m a in s  
w i t h o u t  an. i d e n t i t y  -  f o r  e x a m p le ,  t h e  domain, o f  even 
i n t e g e r s  i s  a  d -d o m a in .
The n o t a t i o n  and  t e r m i n o l o g y  a r e  t h o s e  o f  Z a r i s k i  
an d  S am uel, C o m m u ta tiv e  A l g e b r a  w i t h  t h e  f o l l o w i n g  e x c e p t i o n s  
-  we do n o t  r e q u i r e  t h a t  a  N o e t h e r i a n  r i n g  h a v e  an i d e n t i t y  
e le m e n t  and we do n o t  r e q u i r e  t h a t  a  dom ain  h a v e  an i d e n t i t y  
e l e m e n t .  In  p a r t i c u l a r  we u s e  c  t o  d e n o te  c o n ta in m e n t  and  
< t o  d e n o te  p r o p e r  c o n t a i n m e n t . An i d e a l  A in. a r i n g  R 
i s  p r o p e r  p r o v i d e d  ( 0 )  < A < R . The r i n g  o f  i n t e g e r s  w i l l
5b e  d e n o te d  b y  Z and  a l l  r i n g s  c o n s i d e r e d  a r e  assu m ed  t o  be  
c o m m u ta t iv e  and  h a v e  m ore t h a n  one  e l e m e n t .
In  a d d i t i o n ,  we u s e  t h e  t e r m  s e m i-p r im e  i d e a l  A t o  
mean. A = / A  . A lso  we u s e  t h e  t e r m  s p e c i a l  p r i m a r y  r i n g  
t o  mean, a  r i n g  R w i t h  i d e n t i t y  i n  w h ic h  t h e  o n l y  i d e a l s  a r e  
R* M, a n d  p o w e rs  o f  M , w h e re  M i s  t h e  u n i q u e  m ax im al 
i d e a l  o f  R and  = (0 )  f o r  some i  e Z . An. i d e a l  A
i s  c a l l e d  r e g u l a r  p r o v i d e d  i t  c o n t a i n s  a  r e g u l a r  e le m e n t  o f  
t h e  r i n g .
B e f o r e  c o n s i d e r i n g  N - r i n g s  ( v - r i n g s )  we w i l l  f i r s t  
s t u d y  t h e  r e s t r i c t e d  minimum c o n d i t i o n ,  in. d o m ain s  w i t h o u t  
' i d e n t i t y .  In. p a r t i c u l a r  we w i l l  s t u d y  t h e  r e l a t i o n s h i p  
be tw een , t h e  a . c . c .  and  t h e  (RM) c o n d i t i o n  in. d o m ain s  w i t h o u t  
i d e n t i t y .  We f i r s t  p r o v e  two lemmas w h ic h  w i l l  be u s e d  in. 
t h e  main, th e o r e m .
Lemma 1 : L e t  S be  a  r i n g  w i t h  an i d e n t i t y  c o n t a i n i n g  R
a s  a s u b r i n g  a n d  l e t  R* = R * ( S ) .  I f  P i s  a  p r o p e r  p r im e
i d e a l  in. R* s u c h  t h a t  P > R  , then . P i s  m a x im a l .
P r o o f : T h e re  e x i s t s  a  n o n - n e g a t i v e  i n t e g e r  n
s u c h  t h a t  R*/R = Z / ( n . ) . S in c e  p r o p e r  p r im e  i d e a l s  a r e
m a x im a l  in. Z /(n .) an d  R* > P > R , i t  f o l l o w s  t h a t  P i s  
m a x im a l  in. R* .
Lemma 2: L e t  R ,S  an d  R* be  a s  i n  Lemma 1 .  I f  P i s  a
6p r o p e r  p r im e  i d e a l  in, R* s u c h  t h a t  P 0 R i s  a  m ax im al
i d e a l  o f  R , t h e n  P i s  m ax im al  i n  R*.
P r o o f : C l e a r l y  P f l R  i s  a  p r im e  i d e a l  in. R so  
R / ( P H R )  i s  a  f i e l d  s i n c e  P f l R  i s  m ax im al and  p r i m e .  Hence 
R / ( p n  R) = (P + R ) /P  [ 1 7 ; l 4 4 ]  and  c o n s e q u e n t l y  (P + R ) /P  
i s  a  f i e l d .  L e t  0 + P b e  t h e  i d e n t i t y  o f  (P  + R ) /P  and  
e + P  t h e  i d e n t i t y  in. R * /P  ms t h e n  (e  + P) (0 + P) = (0 + P ) = ( 0  + P ) 2 , 
w h ic h  i m p l i e s  e + P  = 0 + P s i n c e  R * /P  i s  a  d o m a in .  S in c e  
(P + R ) /P  i s  an. i d e a l  i n  R*/l? w h ic h  c o n t a i n s  t h e  i d e n t i t y ,  
we h a v e  (P + R ) /P  = R * /P  R * /P  i s  a  f i e l d .
T heorem  3 : A domain. D h a s  p r o p e r t i e s  (1 )  an d  (2 )  i f  and
o n l y  i f  D* h a s  p r o p e r t i e s  ( 1 ) a n d  ( 2 ) .
P r o o f : I f  D h a s  an. i d e n t i t y  t h e n  D = D* and
t h e  th e o r e m  i s  v a l i d .  S u p p o se  D d o e s  n o t  h a v e  an i d e n t i t y  
and  t h a t  p r o p e r t i e s  ( l )  and  (2 )  h o l d  in. D ; th en . D* i s  
N o e th e r ia n .  [ 5 ; l 8 4 ] .  I f .  P i s  a  p r o p e r  p r im e  i d e a l  i n  D* 
s u c h  t h a t  P > D  then . P i s  m ax im a l b y  Lemma 1 .  I f  P i s  
a  p r o p e r  p r im e  i n  D* s u c h  t h a t  P ^  D , then .
D / P f l D 3 P D ^  ( 0 )  and  b y  Lemma 2 we s e e  t h a t  P i s  m a x im a l .
F i n a l l y  we w i l l  show t h a t  i f  D i s  p r im e  in. D* t h e n  D i s  
m a x im a l .  I f  D i s  p r im e  i n  D* and  n o t  m ax im al t h e n  t h e r e  
e x i s t s  a  m ax im al i d e a l  M o f  D* s u c h  t h a t  D * > M > D > ( 0 )  .
By [1 7 } 2 4 0 ]  t h e r e  e x i s t s  a  c h a i n  D * > M > P >  ( 0 )  o f  p r im e  
i d e a l s  in. D* su c h  t h a t  P cj: D . B u t we h a v e  j u s t  shown.
7t h a t  a l l  p r im e  i d e a l s  o f  D* d i f f e r e n t  f ro m  D a r e  m ax im al 
and  we h a v e  a  c o n t r a d i c t i o n .  T h e r e f o r e  a l l  p r o p e r  p r im e  
i d e a l s  i n  D* a r e  m a x im a l .  C o n v e r s e ly ,  i f  D* h a s
p r o p e r t i e s  (1 )  a n d  (2 )  th en ,  c l e a r l y  D h a s  p r o p e r t y  (1 )
s i n c e  i d e a l s  o f  D a r e  i d e a l s  o f  D* . By t h e  th e o r e m  o f  
A k iz u k i  [ l 4 ; 2 5 ]  D* h a s  t h e  (RM) c o n d i t i o n ,  an d  c o n s e q u e n t l y  
D h a s  t h e  (RM) c o n d i t i o n  s i n c e  i d e a l s  o f  D a r e  i d e a l s  o f  
D* . L e t  P h e  a  p r o p e r  p r im e  i d e a l  o f  D j t h e n  D /P  i s  
a  dom ain  w i t h  t h e  d . c . c .  ( a n d  h e n c e  i s  a  f i e l d )  so  P i s  
m a x im a l .
C o r o l l a r y  4 : The (RM) c o n d i t i o n  h o l d s  i n  a  dom ain  D i f  .and
o n ly  i f  c o n d i t i o n s  (1 )  and  (2 )  h o l d  i n  D .
P r o o f : I n  [ l ;3 ^ - 2 ]  A k iz u k i  p r o v e d  t h a t  a  r e g u l a r
RM -ring  h a s  t h e  a . c . c .  I n  any  r i n g  w i t h  t h e  (RM) c o n d i t i o n ,  
p r o p e r  p r im e  i d e a l s  a r e  m a x im a l ,  so  c o n d i t i o n s  (1 ) an d  ( 2 ) 
h o l d .  C o n v e r s e l y ,  i f  c o n d i t i o n s  (1 )  and  (2 )  h o l d  in. D ,
t h e n  t h e y  h o l d  i n  D* b y  T heorem  3* By [ 3 ’, 2 9 ]  • D* i s
t h e r e f o r e  an. RM-domain and  D i s  an. RM -domain.
C o r o l l a r y  5 : A domain. D i s  an. RM-domain, i f  an d  o n l y  i f  D*
i s  an. RM-domain.'
CHAPTER II
CHARACTERIZATION OF REGULAR v-RINGS AND N-DOMAINS
T heorem  6 : I f  R i s  a  r i n g  w i t h  an. i d e n t i t y  and  A i s  a
r e g u l a r  i d e a l  o f  R , t h e n  A i s  a  N o e th e r ia n . '  r i n g  i f  a n d
o n l y  i f  R i s  N o e th e r i a n .  an.d R i s  a  f i n i t e  A* = A * (R )m o d u le .
P r o o f : I f  A i s  N o e th e r ia n . ,  then . A* i s
N o e th e ra n .  b y  [ 5 ^ 1 8 4 ] .  S in c e  A i s  an. i d e a l  in. R and  in.
A*, A i s  c o n t a i n e d  in. t h e  c o n d u c t o r  o f  R o v e r  A* . L e t  
5 e R an d  l e t  r  b e  an. e le m e n t  o f  A r e g u l a r  in. R ; then .
5 r e  A c  A* w h ic h  i m p l i e s  t h a t  S e r ‘ V  . S in c e  A* i s  
N o e t h e r i a n  and  r~^A* i s  f i n i t e  o v e r  A* , we s e e  t h a t
r ^ A *  i s  a  N o e th e r i a n .  A * -m o d u le .  B ut R c  r ^ A *  , so R
i s  a, N o e t h e r i a n  A *-m odu le  an d  h e n c e  R i s  a  N o e th e r ia n .  r i n g .  
C o n v e r s e l y ,  s u p p o s e  R i s  N o e th e r ia n .  and R i s  a  f i n i t e  
A * -m o d u le ;  t h e n  b y  [ 4 ]  A* i s  N o e th e r ia n .  and  b y  [ 5 ; l 8 4 ]  A 
i s  N o e t h e r i a n .  N o te  t h a t  we d i d  n o t  u s e  t h e  h y p o t h e s i s  t h a t  
A i s  a  r e g u l a r  i d e a l  in. t h e  p r o o f  o f  t h e  c o n v e r s e .
Lemma 7 '• L e t  R b e  a  s u b r i n g  o f  a  r i n g  S w i t h  i d e n t i t y  
a n d  l e t  R* = R * ( S ) .  I f  P and  Q a r e  p r im e  i d e a l s  in.
R* s u c h  t h a t  R* > P > Q and P +  R , then . R > P n R > Q f l R  .
P r o o f :  I t  i s  c l e a r  t h a t  R > R f l P c R r i Q
9Now s u p p o s e  t h a t  P fl R = Q fl R, and  c h o o s e  
r  e R - ( P f l  R) = R- (Qfl R) and p e P-Q; t h e n  r p e P n R  = QHR  
w h ic h  i m p l i e s  r p  e Q and h e n c e  r  e Q . But t h i s  
c o n t r a d i c t s  o u r  c h o ic e  o f  r  e R - ( Q D R ) ,  so Pf l  R > Qfl R.
Lemma 8 : L e t  S be  a  r i n g  w i th  i d e n t i t y  c o n t a i n i n g  R a s
a  s u b r i n g  a n d  l e t  R* = R * ( S ) . I f  P^ <  Pg < . . • < Pn < R i s  
a  c h a i n  o f  p r im e  i d e a l s  in. R , then , t h e r e  e x i s t s  a  c h a i n  o f  
p r im e  i d e a l s  P* < P* < . . .  < P^ i n  R* s u c h  t h a t  P* D R = P ^ .
P r o o f x  We- f i r s t  p r o v e  t h e  lem m a in. t h e  c a s e  t h a t
S i s  a  d o m ain . S e t  P* = P.R-n D R*, w h e re  R_ i s  t h e
1 1 Pn n.
q u o t i e n t  r i n g  o f  R w i th  r e s p e c t  t o  P Y S i n c e  •
R-p 3  R* 3  R. and  P. R-, fl R = P_. , we h a v e  P* fl R = P.
n  1 1 i  1
f o r  i  = 1 , . . . , n .
We now c o n s i d e r  t h e  c a s e  in. w h i c h  S i s  a  r i n g .  
T h e re  e x i s t s  a  p r im e  i d e a l  P* o f  R* s u c h  t h a t  P* fl R = P^j 
a n d  t h e  p r o o f  i s  c o m p le te d  b y  a p p l y i n g  t h e  domain, c a s e  t o  
t h e  d o m a in s  R /P^  c  R*/p* .
Lemma 9 ’ I t  A i s  a  r e g u l a r  i d e a l  o f  a  r i n g  R, t h e n  t h e
t o t a l  q u o t i e n t  r i n g  o f  A i s  e q u a l  t o  t h e  t o t a l  q u o t i e n t
r i n g  o f  R.
P r o o f ; L e t  r  be  an. e le m e n t  o f  A w h ic h  i s  
r e g u l a r  i n  R, an d  l e t  a  b e  a  r e g u l a r  e l e m e n t  o f  t h e  r i n g  
A. I f  ax = 0 f o r  x  e R, th e n  a ( r x )  = 0  i m p l i e s  t h a t
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r x  = 0 a n d  x = 0 .  H ence a  i s  r e g u l a r  in. R .
Theorem  1 0 : I f  A i s  a  r e g u l a r  i d e a l  o f  an. i n t e g r a l l y
c l o s e d - r i n g  R , t h e n  A i s  i n t e g r a l l y  c l o s e d  i f  and  o n l y  
i f  A = / F  i n  R .
P r o o f : S u p p o se  A i s  i n t e g r a l l y  c l o s e d .  I f  x  e / F
t h e n  xn  e A w h ic h  i m p l i e s  x e A s i n c e  A i s  i n t e g r a l l y
c l o s e d  a n d  t h e r e f o r e  A = / F  i n  R. C o n v e r s e l y ,  su p p o s e
A = / K  i n  R a n d  l e t  x  b e  an. e le m e n t  o f  t h e  q u o t i e n t
r i n g  o f  A w h ic h  i s  i n t e g r a l  o v e r  A. S i n c e  R i s
i n t e g r a l l y  c l o s e d ,  i t  f o l l o w s  f r o m  Lemma 9 t h a t  x  e R.
F u r t h e r m o r e ,  we h a v e  xn + ^ + a ^ x n  + . . . +  a  = 0 w i t h  a., e An o  i
* -f o r  i  = 0 ,  . . . , n .  T h is  i m p l i e s  t h a t  x  e A s i n c e  x e R
a n d  A i s  an. i d e a l  o f  R. H ence  x e / F  = A a n d  A i s
i n t e g r a l l y  c l o s e d .
T heorem  1 1 : I f  R i s  a  r e g u l a r  r i n g  w i t h  t o t a l  q u o t i e n t
r i n g  T t h e n  R i s  a  r e g u l a r  v - r i n g  i f  a n d  o n l y  i f  a l l  o f  t h e  
f o l l o w i n g  h o ld :
( a )  R i s  a  s e m i - p r im e  i d e a l  i n  a  N o e t h e r i a n ,  
i n t e g r a l l y  c l o s e d  r i n g  S w i t h  i d e n t i t y ;
(b )  R*( T)  = R * c S c T ,  S i s  a  f i n i t e  R * -m o d u le ,
an d  dim  S < 2;
( c )  i f  P i s  a  p r im e  i d e a l  o f  S s u c h  t h a t
P £  R, th en ,  h e i g h t  P < 1 [ 1 7 ; 2 4 0 ]  .
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P r o o f : S u p p o se  t h a t  R i s  a  r e g u l a r  v - r i n g  and
l e t  S be  t h e  i n t e g r a l  c l o s u r e  o f  R* in. T . I f  a  e S
and  d e R, t h e n - da  i s  i n t e g r a l  o v e r  R an d  h e n c e  da  e R;
so  R i s  an i d e a l  o f  S . S in c e  R i s  N o e th e r i a n . ,  i t  
f o l l o w s  t h a t  S i s  N o e t h e r i a n  a n d  S i s  a  f i n i t e  R * -m odu le
b y  T heorem  6 . T heorem  10 g i v e s  u s  /TT = R in. S an d  R
i s  a  s e m i- p r im e  i d e a l  o f  S .
To e s t a b l i s h  t h a t  dim  S < 2 ,  l e t  R* > P* > P * > F* > P*
b e  a  c h a in ,  o f  p r im e  i d e a l s  in. R * . I f  P* 3  R an d  P* ={= R ,
i t  f o l l o w s  f ro m  Lemma 1 t h a t  P* ^  R and  a p p l y i n g  Lemma 7
we h a v e  R fl P* > R fl P* > R n P£ , c o n t r a d i c t i n g  d im  R < 1 .
I f  P * o R  and  P* = R, th en ,  t h e r e  e x i s t s  a  p r im e  i d e a l  P~
1 2  d
i n  R* s u c h  t h a t  P* > P* > P* and  P* 4= P* s i n c e -  R* i s
1 2 3 2 T 2
N o e th e r i a n .  [ 1 7 ; 2 4 0 ] ,  and  Lemma 1 y i e l d s  P* ^  R ; a g a i n  we 
c o n t r a d i c t  dim  R < 1 .  I f  P* j) R, i t  i s  c l e a r  t h a t  we h a v e
a  c o n t r a d i c t i o n  b y  Lemma 7 j  h e n c e  d im  R* < 2 .  S in c e  S i s
i n t e g r a l  o v e r  R* , i t  f o l l o w s  f ro m  t h e  l y i n g  o v e r  th e o r e m
[ 1 7 ;  2591 t h a t  dim  R* = dim  S ' < 2 .
I f  P i s  a  p r im e  i d e a l  o f  S s u c h  t h a t  P R,
t h e n  P* = P n R* i s  a  p r im e  i d e a l  o f  R* s u c h  t h a t
P* $  R; a p p l y i n g  t h e  l y i n g  o v e r  t h e o r e m  an d  Lemma 7 > i t
f o l l o w s  f ro m  d im  R < 1 t h a t  h e i g h t  P < 1 .
C o n v e r s e l y ,  s u p p o s e  ( a ) ,  ( b )  and  ( c )  h o l d .  Then.
R i s  N o e t h e r i a n  an d  i n t e g r a l l y  c l o s e d  b y  T heo rem s 6  and  1 0 .
12
S i n c e  S i s  a  f i n i t e  R * -m o d u le ,  t h e n  S i s  i n t e g r a l  o v e r  
R* [ 1 7 ,2 3 4 ]  and  dim R* = dim  S < 2 b y  t h e  l y i n g  o v e r  
t h e o r e m  [ 1 7 ; 2 5 9 ] .  Now we w is h  t o  show t h a t  dim R < 1 .  
S u p p o se  < P 2 < P3 < R i s  a  c h a i n  o f  p r im e  i d e a l s  o f  
R, t h e n  b y  Lemma 8 t h e r e  e x i s t s  a c h a i n  P^ < Pg < Pg o f  
p r im e  i d e a l s  o f  R* s u c h  t h a t  P^ H R = P ^ .  Now P^ $  R 
s i n c e  h e i g h t  P* = 2 so  P^ ^  R w h ic h  a l s o  y i e l d s  a 
c o n t r a d i c t i o n  so  dim R < 1 .
T heorem  1 2 : A dom ain  D i s  an N -dom ain i f  and  o n l y  i f  D i s
a  p r o d u c t  o f  d i s t i n c t  p r im e  i d e a l s  in. a D e d e k in d  dom ain  B 
su c h  t h a t  B i s  a f i n i t e  D * -m o d u le .
P r o o f . : L e t  D b e  an N -dom ain  w i t h  q u o t i e n t  f i e l d
K an d  l e t  D b e  t h e  i n t e g r a l  c l o s u r e  o f  D* i n  K. 
C o n d i t i o n s  (1 )  and  (2 )  h o l d  i n  D* b y  T heorem  6 , and 
d im  B = 1 b y  t h e  l y i n g  o v e r  t h e o r e m .  As i n  t h e  p r o o f  o f  
T h eo rem ..11, D i s  an i d e a l  in. D ,  T) i s  N o e t h e r i a n ,  
i n t e g r a l l y  c l o s e d  and  a f i n i t e  D * -m o d u le . Hence B i s  
a  p r o d u c t  o f  d i s t i n c t  p r im e  i d e a l s  s i n c e  /B "  = D in. D.
The c o n v e r s e  f o l l o w s  f ro m  T heorem  11 and
T heorem  3•
T heorem  1 3 : I f  A i s  a p r o d u c t  o f  d i s t i n c t  p r im e  i d e a l s
i n  a  g e n e r a l  Z . P . I .  r i n g  R w i t h  an i d e n t i t y  an d  R i s
a  f i n i t e  A* = A*(R)  m o d u le ,  t h e n  A i s  a  v - r i n g .
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P r o o f : S in c e  R i s  a  g e n e r a l  Z . P . I .  r i n g ,  we h a v e
r  = R ^© ...© R n w h e re  R^ i s  e i t h e r  a  D e d e k in d  dom ain  o r  a
s p e c i a l  p r i m a r y  r i n g  f o r  i = 1 , .  , . , n  [ 2 5 8 9 ] .  S e t  A^ = AR^ ,
A* = A t ( R . ) , and  n o t e  t h a t  A. i s  a  p r o d u c t  o f  d i s t i n c t
1  J. J-
p r im e  i d e a l s  i n  R^ ( i n c l u d i n g  R^) f o r  i = 1 , . . . , n  . S in c e
t
R i s  a  f i n i t e  A * -m o d u le ,  we h a v e  R = S s .A * w h e re
1 -1-
s .  e R f o r  i  = 1 ,  . . . , t  . Now, s .  = S' r .  w i t h  r .  e R .1 i j  ^  j
f o r  i  = l ,  . . . , t  and  i t  f o l l o w s  r e a d i l y  t h a t  R . = S  r .  A*
3 i = l  i j  j
and  R.  i s  a  f i n i t e  A* m o du le  f o r  j  = 1 , . , . , n  . I f
J 3
R.  i s  a  D e d e k in d  d o m a in ,  t h e n  A. = (0 )  o r  A . i s  a
J J J
v - r i n g  h y  T heorem  1 2 .  I f  R . i s  a  s p e c i a l  p r i m a r y  r i n g  t h e n
J
A. i s  t h e  m ax im al i d e a l  i n  R . ( o r  A . = R . and  A. i s
3 3 3 3 3
a  v - r i n g ) . S in c e  A . i s  a  n i l p o t e n t  r i n g ,  we h a v e
J
dim A . = - 1  o r  A. = ( 0 ) .  F u r t h e r m o r e ,  R . i s  N o e t h e r i a n ,
J J J
w h ic h  i m p l i e s  t h a t  A* i s  N o e th e r i a n .  [ 4 ]  h e n c e  A . i s
J
N o e th e r i a n .  [ 5 ; l 8 4 ] .  S i n c e  A . i s  i n t e g r a l l y  c lo s e d .
d
( t r i v i a l l y )  then . A . i s  a  v - r i n g .  F i n a l l y ,  A i s  a  v - r i n g
d
s i n c e  a  f i n i t e  d i r e c t  sum o f  v - r i n g s  i s  a  v - r i n g .
The c o n v e r s e  t o  T heorem  13 i s  f a l s e \ i n  f a c t ,  i f  
A i s  a  r i n g  w i t h  an. i d e n t i t y  t h e n  A i s  an. i d e a l  in. a  
g e n e r a l  Z . P . I .  r i n g  i f  and  o n l y  i f  A i s  a  g e n e r a l  Z . P . I .  
r i n g  ( a s  we w i l l  p r e s e n t l y . sh o w ) , and  i n  e x am p le  16  we 
e x h i b i t  a  v - r i n g  w i t h  an. i d e n t i t y  w h ic h  i s  n o t  a  g e n e r a l  
Z . P . I .  r i n g .
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P r o p o s i t i o n  1 4 : I f  R i s  a  r i n g  and  A i s  a  f i n i t e l y
2
g e n e r a t e d  i d e a l  o f  R s u c h  t h a t  A = A , th en . R = A © R^.
P r o o f : I f  R d o e s  n o t  h a v e  an. i d e n t i t y ,  l e t  S
b e  a  r i n g  w i t h  i d e n t i t y  c o n t a i n i n g  R a s  a  s u b r i n g  [1 2 ^ 8 7 ]
a n d . s e t  R* = R * ( S ) .  I f  R h a s  a n  i d e n t i t y ,  s e t  R = R*.
2In. e i t h e r  c a s e  A i s  an. i d e a l  o f  R* . S in c e  A = A t h e r e  
e x i s t s  an. e e A su c h  t h a t  e a  = a  f o r  a l l  a  e A [ 5 5 1 8 5 ]»
I f  e* i s  t h e  i d e n t i t y  o f  R* , t h e n  e a n d  e * - e  a r e
o r t h o g o n a l  i d e m p o t e n t s  and  R* = eR* © ( e * - e ) R * .  I t  f o l l o w s
t h a t  R = eR © ( e * - e ) R  , eR = A, a n d  R = A © R ^  .
C o r o l l a r y  1 5 : I f  (0 )  /  A = A i s  an  i d e a l  in. a  g e n e r a l '
Z . P . I .  r i n g  R , t h e n  A i s  a  g e n e r a l  Z . P . I .  r i n g .
P r o o f : S in c e  R i s  N o e th e r i a n .  [ 1 3 j l 2 5 ] ,  i t
f o l l o w s  b y  p r o p o s i t i o n .  14 t h a t  R = A©R^  and  A = R/R^ 
i s  a  g e n e r a l  Z . P . R .  r i n g .
E xam ple  1 6 : L e t  x a n d  y  b e  i n d e t e r m i n a n t s  o v e r  a f i e l d
p
F an d  s e t  R = F [ x , y ] / ( x , y )  . The r i n g  R h a s  e x a c t l y
p
o n e  p r o p e r  p r im e  i d e a l  P = ( x , y ) / ( x , y )  and  c o n s e q u e n t l y  
R i s  i t s  own t o t a l  q u o t i e n t  r i n g  and  i s  i n t e g r a l l y  c l o s e d .
I t  i s  c l e a r  t h a t  R i s  N o e t h e r i a n  and  dim R = 0 ,  h e n c e  R 
i s  an N - r i n g .  O b v io u s ly  R i s  n o t  a g e n e r a l  Z . P . I .  r i n g
s i n c e  P^ = ( 0 ) .
I t  f o l l o w s  f ro m  T heorem  12  t h a t  a v -d o m a in  (N -d om ain )  
can  b e  im b ed ded  a s  an i d e a l  i n  a D e d e k in d  dom ain  ( i . e .  Z . P . I .
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dom ain  w i t h  i d e n t i t y )  i n  a  s p e c i a l  w ay . H ow ever, C o r o l l a r y  
15  an d  exam ple  16  show t h a t  i n  g e n e r a l  a  v - r i n g  can  n o t  b e  
im b ed d ed  a s  an i d e a l  i n  a  g e n e r a l  Z . P . I .  r i n g .
We c o m p le te  t h i s  s e c t i o n  w i t h  a  s u f f i c i e n t  c o n d i t i o n  
t h a t  D* b e  a  D e d e k in d  dom ain  when. D i s  an N -d o m ain , and  
g i v e  tw o e x a m p le s .
T heorem  1 7 : I f  t h e r e  e x i s t s  d e  D s u c h  t h a t  D = dD + dZ a n d  D
i s  an N -dom ain ( v - d o m a in ) ,  t h e n  D* i s  a  D e d e k in d  d o m a in .
P r o o f : I t  s u f f i c e s  t o  p r o v e  t h a t  D* i s  i n t e g r a l l y
c l o s e d  s i n c e  D* h a s .  p r o p e r t i e s  (1 )  and  (2 )  b y  T heorem  3*
L e t  a  b e  an e le m e n t  o f  t h e  q u o t i e n t  f i e l d  o f  D* w h ic h  i s
i n t e g r a l  o v e r  D*; t h e n  a  = a / b  w i t h  a  and  b e D  and  t h e r e
e x i s t  d ! e D * , i  = 0 ,  . . . , n - l ,  su c h  t h a t
a n + d* na r3“ 'L+ . . .  + d* = 0 • H ence ( d a ) n +dd* , ( d a ) n - ‘1' n - 1  o x ' n - 1 '  '
+ . . ’.'+d*dn = 0 an d  da i s  i n t e g r a l  o v e r  D, w h ic h  i m p l i e s  
d a e  D s i n c e  D i s  i n t e g r a l l y  c l o s e d .  T h e r e f o r e  • 
da = d ( a / b ) = k d + n d  w h e re  k  e D and  n e Z and  c o n s e q u e n t l y  
a  = a / b  = (k d  + n d ) / d  = k + n e D* and  D* i s  i n t e g r a l l y  c l o s e d .
E xam ple  1 8 : T h i s  ex am p le  show s t h a t  t h e  dom ain  D* o f
T heorem  1 2  may n o t  b e  a  D e d e k in d  dom ain ( i . e .  D > D * ) .  L e t  
(jj = ( l + / 5 ) / 2 ,  S = (a  + buu| a , b  e Z } ,2S  = ( 2 ) ,  and
( 2 )  = (n + 2a  + 2btu I a , b , n  e Z ) . Then (2 )  i s  a  p r im e  i d e a l  i n
t h e  D e d e k in d  dom ain  S [ 1 0 j 3 3 * 6 6 ] ,  S = ( 2 ) * + u u ( 2 ) *  i s  a
*x* ^
f i n i t e  (2 )  - m o d u le ,  and  S ^  (2 )  s i n c e  uu \  (2 )  . I t
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f o l l o w s  f ro m  T heorem  12  t h a t  (2 )  i s  an. N -d o m ain , h u t  ( 2 ) *
, . *
i s  n o t  a  d e d e k in d  dom ain  s i n c e  t h e  i n t e g r a l  c l o s u r e  o f ' 1 2 )
■ft
i s  S (h o w e v e r ,  (2 )  i s  an RM-domain.) .
E xam ple  19 : In. t h i s  ex am p le  we show t h a t  a  p r im e  i d e a l  in.
a  D e d e k in d  dom ain  n e e d  n o t  h e  an. N -dom ain  (in . f a c t ,  n e e d  
n o t  h e  N o e t h e r i a n . ) . D e n o te  h y  Q t h e  f i e l d  o f  r a t i o n a l
n u m b e rs ,  l e t  x  b e  an  i n d e t e r m i n a n t  o v e r  Q , and  s e t  
D = Q [ x ] ^  ( i . e .  t h e  q u o t i e n t  r i n g  o f  Q[x] w i t h  r e s p e c t  
t o  t h e  p r im e  i d e a l  ( x ) ) .  The i d e a l  D = xD i s  a  p r im e  in.
D , an d  we w i l l  show t h a t  D i s  n o t  N o e t h e r i a n  b y  sh o w ing  
t h a t  D* i s  n o t  N o e t h e r i a n .  I f  pn d e n o t e s  t h e  n ^
.p r im e  num ber and = (x /2 )D *  , t h e n  d e f i n e  An f o r  n.> 1  
b y  An = Afi j  + ( x / p n )D* . I t  f o l l o w s  e a s i l y  t h a t  
x / p ^ ^  d o e s  n o t  b e l o n g  t o  A^ f o r  n. > 1 , and  t h e r e f o r e
t h e  s e q u e n c e  A^ < < . . .  i s  s t r i c t l y  i n c r e a s i n g  -  w h ic h
i m p l i e s  t h a t  D* (a n d  h e n c e  D) i s  n o t  N o e t h e r i a n .
CHAPTER I I I
A CHARACTERIZATION OF N-RINGS WITH PROPER DIVISORS OF ZERO
AND ALMOST N-RINGS
We s t a t e  w i t h o u t  p r o o f  t h e  f o l l o w i n g  th e o r e m ,  w h ic h  
i s  an. e a s y  c o n s e q u e n c e  o f  T heorem  4 o f  [1 ,3 3 9 1 *
T heorem  2 0 : L e t  R h e  a  r i n g  and  l e t  P ^ , . . . , P r  b e  i d e a l s
o f  R s u c h  t h a t  R /P^  i s  a  f i e l d  f o r  i  = 1 ,  . . . , r  and
r
su c h  t h a t  (0 )  = , I L P .  .. Then t h e r e  e x i s t s  a  p o s i t i v e
i = l  i
i n t e g e r  n s u c h  t h a t  R = Rn ©N w h e re  Rn  = Rn+^ h a s  an.
r  _mi
i d e n t i t y ,  N i s  n i l p o t e n t ,  an d  in. Rn , (0 )  = ^ H ^ i  w here
P i  = P i  fl Rn  and  Rn/ P i  i s  a  f i e l d  f o r  i  = 1 ,  . . . , r  .
C o r o l l a r y  2 1 : L e t  R b e  a  r e g u l a r  r i n g  i n  w h ic h  (0 )  i s  n o t
a  p r im e  i d e a l .  I f  c o n d i t i o n s  (1 )  and  (2 )  h o l d  i n  R , th en .  
R h a s  an. i d e n t i t y .
P r o o f : S in c e  R i s  N o e th e r ia n .  e v e r y  i d e a l  o f  R
k  • •
c o n t a i n s  a  p r o d u c t  o f  p r im e  i d e a l s ,  h e n c e  (0 )  = ^ f t ^ i  . The 
P^ a r e  m ax im a l  b y  (2 )  and  we a p p ly  T heorem  20 t o  R and  
s e e  t h a t  N = (0 )  s i n c e  R i s  r e g u l a r .
T heorem  22: I f  R i s  a  r i n g  w i t h  a  r e g u l a r  e l e m e n t ,  then .
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R i s  an. R M -rin g  i f  an.d o n l y  i f  c o n d i t i o n s  (1 )  and  (2 )  h o l d  
i n  R .
P r o o f :. The r e s u l t  f o l l o w s  f ro m  C o r o l l a r y  4 i n  
c a s e  R i s  a  d o m ain , so  we may assum e t h a t  (0 )  i s  n o t  
p r im e  i n  R . I f  c o n d i t i o n s  (1 )  a n d  (2 )  h o l d ,  t h e n  C o r o l l a r y
21 a p p l i e s  an d  R h a s  an. i d e n t i t y ,  and  h e n c e  R i s  an. 
R M -rin g  [ 3 ; 2 9 ] .  C o n v e r s e l y ,  i f  R i s  an. R M -rin g  w i t h  a  
r e g u l a r  e le m e n t  then , t h e  a . c . c .  i s  v a l i d  in. R [1 ^ 3 4 2 ]  and  
s i n c e  p r o p e r t y  (2 )  h o l d s  in. any  R M -r in g ,  t h e  p r o o f  i s  
c o m p l e t e .
R em ark  2 3 : We n o t e  t h a t  i t  f o l l o w s  f ro m  t h e  p r o o f  o f  T heorem
22 t h a t  a  r e g u l a r  R M -r in g ,  in. w h ic h  (0 )  i s  n o t  a  p r im e  i d e a l ,  
h a s  an, i d e n t i t y .  H ow ever, an. RM-domain, n e e d  n o t  h a v e  an 
i d e n t i t y  ( e . g .  t h e  even, i n t e g e r s ) .
Lemma 2 4 : I f  R h a s  t h e  d . c . c . ,  th en .  R i s  e q u a l  t o  i t s
t o t a l  q u o t i e n t  r i n g  T (a n d  R i s  i n t e g r a l l y  c l o s e d ) .
P r o o f : I f  t h e r e  a r e  no  r e g u l a r  e l e m e n t s  in. R ,
t h e n  R = T . I f  r  i s  r e g u l a r  in. R, then . ( r ) n = ( r ) n+ 'L
n n +1 n 4*1 f o r  some i n t e g e r  n. . H ence  r  = s r  + m r  ' w i t h
s e R, m e Z so  t h a t  r  = r ( s r + m r )  a n d  e = s r + m r  i s  an
i d e n t i t y  f o r  R . I t  f o l l o w s  e a s i l y  t h a t  e v e r y  r e g u l a r
e le m e n t  o f  R h a s  an. i n v e r s e  i n  R an d  R = T .
P r o p o s i t i o n  25: L e t  R b e  a  r i n g  w i t h  a  r e g u l a r  e le m e n t
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w h ic h  i s  n o t  a  d o m a in .  T hen  R i s  an  N - r i n g  i f  and  o n l y  
i f  R i s  a  r i n g  w i t h  i d e n t i t y  i n  w h ic h  t h e  d . c . c .  h o l d s .
P r o o f : S u p p o se  R i s  an. N - r i n g .  I t  f o l l o w s  f ro m
Theorem  22 and  r e m a rk  23 t h a t  R h a s  an. i d e n t i t y .  Now 
s i n c e  R i s  a  N o e th e r ia n .  r i n g  w i t h  an. i d e n t i t y  a n d 'e v e r y  
p r im e  i d e a l  d i f f e r e n t  f ro m  R i s  m a x im a l ,  R h a s  t h e  d . c . c .  
[ 3 , 28].
C o n v e r s e l y ,  b y  [3 5 2 8 ]  R i s  N o e th e r ia n .  and  e v e r y  
p r im e  i d e a l  =|=R i s  m a x im a l .  By Lemma 2 4 , R i s  i n t e g r a l l y  
c l o s e d  a n d  t h e r e f o r e  R i s  an. N - r i n g .
/
C o r o l l a r y  2 6 : I f  R i s  a  r i n g  i n  w h ic h  (0 )  i s  n o t  p r i m e ,  
th en .  R i s  an N - r i n g  i f  and  o n l y  i f  c o n d i t i o n s  (1 )  and
(2 )  h o l d  in. R .
P r o o f : S u p p o se  (1 )  an d  (2 )  h o l d  in. R . I f  R h a s
a  r e g u l a r  e le m e n t  th en .  C o r o l l a r y  21 i m p l i e s  t h a t  . R h a s  an. 
i d e n t i t y ,  and  t h e r e f o r e  R h a s  t h e  d . c . c .  b y  [ 3 ; 2 8 ] .  I t  
f o l l o w s  f ro m  Lemma 24 t h a t  R i s  an. N - r i n g .  I f  R h a s  no  
r e g u l a r  e l e m e n t s  then . R = T, i t s  t o t a l  q u o t i e n t  r i n g ,  and  
R i s  an. N - r i n g .
T heorem  2 7 : L e t  R b e  a  r i n g  i n  w h ic h  (0 )  i s  n o t  p r i m e .
Then. R i s  an N - r i n g  i f  a n d  o n l y  i f  R = R ^ © ...® R ^ © N  
w h e re  e a c h  R^ i s  a  N o e th e r i a n .  p r i m a r y  r i n g  w i t h  i d e n t i t y  
an d  N i s  a  N o e th e r ia n .  n i l p o t e n t  r i n g .
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P r o o f : S u p p o se  R i s  an  N - r i n g .  I f  R h a s  a
k  e .
p r o p e r  p r im e  i d e a l  P , t h e n  (0 )  = . n  w h e re  R /P^  i s
a  f i e l d  f o r  i  = 1 ,  . . . , k  b e c a u s e  e v e r y  i d e a l  in. a  N o e th e r ia n .
s e 2 ekr i n g  c o n t a i n s  a  p r o d u c t  o f  p r im e  i d e a l s .  ( I f  ( 0 ) = R  P 2 • .  .P k
S e 2 e kt h e n  (0 )  P P 2 w h e r e  P i s  a  p r o p e r  p r i m e ,  h e n c e
6 6
(0 )  = P SP2 2 . . . P k k ) .  By T heorem  20 , R = Rn© N w h e re  Rn
' '  “  ®  n
h a s  an i d e n t i t y ,  an d  (O’) = P^ • • • ? £  P ’ w h e re  t h e
S - i  ® l r
Rn/ P ± a r e  f i e l d s .  T h e r e f o r e  Rn  = 1© . . . ©  Rn / P fcK b y
_ 0 .
[ 1 7 ; 1 7 6 ]  an d  e a c h  R31/ ? ^ 1 = R^ i s  a  N o e th e r ia n .  p r i m a r y  r i n g  
w i t h  i d e n t i t y .  I f  R h a s  no  p r o p e r  p r im e  i d e a l s ,  t h e n  / ^ 0 j = R  
and  Rn  = (0 )  so  R = N.
C o n v e r s e l y  i f  R = R^-©. . .© R^© N , w h e re  e a c h  R^ i s  
a  N o e t h e r i a n  p r i m a r y  r i n g  w i t h  i d e n t i t y ,  t h e n  i t  i s  c l e a r  
t h a t  p r o p e r t i e s  (1 )  and  (2 )  h o l d  i n  R . We c o n s i d e r  tw o
c a s e s .  I f  N = ( 0 ) ,  then . R s a t i s f i e s  t h e  d . c . c .  an d  R. .
i s  an N - r i n g  b y  p r o p o s i t i o n  2 5 . S e c o n d ,  i f  N =[= ( 0 ) ,  t h e n  
t h e r e  a r e  n o  r e g u l a r  e l e m e n t s  and  R i s  an N - r i n g  s i n c e  R 
i s  i n t e g r a l l y  c l o s e d .
T heorem  2 8 : L e t  R b e  a  g e n e r a l  Z . P . I .  r i n g  w i t h  an 
i d e n t i t y  a n d . l e t  A =j= (0 )  b e  an i d e a l  i n  R s u c h  t h a t  
A = jJ^P-L ■> w h e re  t h e  P^ a r e  d i s t i n c t  p r im e  i d e a l s  i n  
R. F u r t h e r  s u p p o s e  R i s  a  f i n i t e  A* = A*(R) m od u le  an d  
t h a t  p r o p e r  p r im e  i d e a l s  a r e  m ax im al i n  A. Then A i s  an 
N - r i n g  and  one  o f  t h e  f o l l o w i n g  h o l d s :
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i )  E i t h e r  A i s  a  Dedekind, dom ain  D o r  a  p r o d u c t  o f
d i s t i n c t  p r im e  i d e a l s  i n  a  D e d e k in d  domain. D su c h  t h a t  D
i s  a  f i n i t e  A* D D m o d u le .
i i )  The i d e a l  A i s  a  p r o d u c t  o f  p r im e  i d e a l s  in. a  g e n e r a l  
Z . P . I .  r i n g  R^ s u c h  t h a t  p r im e s  d i f f e r e n t  f ro m  R^ a r e  
m ax im al in. R^ , and  R = R ^ © D £ ©  . . . © D ^  w h ere  t h e  D^ 
a r e  D e d e k in d  d o m a in s .
i i i )  A i s . a . g e n e r a l  Z . P . I .  r i n g  R^ w i t h  
i d e n t i t y . in . w h ic h  p r im e  i d e a l s  a r e  m a x im a l ,  and  
R = Rj. © D^©. . • © D^ . w h e re  t h e  D^ a r e  D e d e k in d  d o m a in s .
P r o o f : S in c e  R i s  N o e t h e r i a n  [ 1 3 ;1 2 5 ]  and  R 
i s  a f i n i t e  A *-iriodule , A* i s  N o e t h e r i a n  b y  [4 ]  a n d  h e n c e  
A i s  N o e t h e r i a n .  By [ 2 ; 8 3 ] ,  R = D1 © . . .  © D^.© 11^.^©. . .©11  ^
w h e re  t h e  D^ a r e  D e d e k in d  d o m ain s  and  t h e  11^  a r e
s p e c i a l  p r i m a r y  r i n g s .
C ase  JL: A. . i s  a  dom ain . S in c e  A i s  a  d o m ain , t h e n  A c  D^
f o r  some i  ( s a y  i  = 1 ) w h ic h  i s  a  D e d e k in d  dom ain o r  a
f i e l d .  H ence e i t h e r  A = D^ o r  A i s  a  p r o d u c t  o f  d i s t i n c t  
p r im e  i d e a l s  i n  D^, w h ic h  i m p l i e s  t h a t  A i s  an. N -dom ain  
b y  T heorem  1 2 .
C ase  2 ; A i s  n o t  a d o m a in .  By t h e  p r o o f  o f  T heorem  8 t h e
o n l y  i d e a l  o f  A* w h ic h  c o u ld  b e  p r im e  b u t  n o t  m ax im a l i s
A . I f  A i s  n o t  p r im e  i n  A*, t h e n  a l l  p r im e s  o f  A*
d i f f e r e n t  f ro m  A* a r e  m ax im al i n  A* -  w h ic h  i m p l i e s  t h a t
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a l l .  p r i m e s  d i f f e r e n t  f ro m  R i n  R a r e  m ax im al b y  t h e  
l y i n g  o v e r  th e o r e m  [ 1 7 ; 2 5 9 ] .  T hus we h a v e  c o n c lu s io n ,  ( i i )  . 
w i t h  k  = 1 and  A i s  a  p r o d u c t  o f  m ax im al i d e a l s  i n  a  
d i r e c t  sum o f  s p e c i a l  p r i m a r y  r i n g s . In  t h i s  c a s e  
R = IL © . . . © IL and  A = ©. . . © A w h e re  eac h  A. i sX S JL S X
e i t h e r  11^  o r  t h e  m ax im al i d e a  o f  n ^ .  Each i s
i n t e g r a l l y  c l o s e d  s i n c e  e a c h  11^  h a s  t h e  d . c . c .  an d  e a c h
i s  i n t e g r a l l y  c l o s e d  s i n c e  i t  h a s  no r e g u l a r  e l e m e n t s .  T h e r e ­
f o r e  A i s  i n t e g r a l l y  c l o s e d  s i n c e  i t  i s  a  d i r e c t  sum o f  
i n t e g r a l l y  c l o s e d  r i n g s ,  H ence A i s  an N - r i n g .
I f  A i s  p r im e  i n  A* an d  A = ft P . i n  R , w i t h
i = l  1
a l l  o f  t h e  m a x im a l ,  t h e n  we w i l l  show t h a t  a l l  p r i m e s
o f  R e x c e p t  R a r e  m a x im a l .  I f  P i s  a  p r im e  i n  R ,
t h e n  P fl A* i s  p r im e  in. A*. S in c e  A i s  t h e  o n ly  p o s s i b l e  
n o n -m a x im a l  p r im e  i n  A*, i f  PH A* 4= A t h e n  i t  f o l l o w s  t h a t  
P n A* i s  m ax im al i n  A* and  P i s  m ax im al , i n  R. I f  P fl A* = A , 
t h e n  P ^ p ^  f o r  some i  , w h ic h  i m p l i e s  t h a t  P i s  m a x im a l .  
T h e r e f o r e  a l l  p r im e s  o f  R e x c e p t  R a r e  m ax im al and  R = II1© ...© IIS 
a s  i n  t h e  p r e v i o u s  c a s e .  I f  some P ^ , s a y  P ^ ,  i s  n o t  m a x im a l ,  
t h e n  [ 1 3 ;1 2 9 ]  and  b y  p r o p o s i t i o n .  1 4 ,  R ^ P ^ R / P ^  and
P ^ ^ A  . I f  P j  = A we h a v e  c a s e  ( i i i )  s i n c e  R /P^  i s  a  
D e d e k in d  d o m a in .  I f  P^ > A then . A = nP^-j, a  p r o d u c t  o f
d i s t i n c t  p r i m e s  i n  P-  ^ , and  e i t h e r  a l l  P ^  a r e  m ax im a l o r
on e  p ^  i s  n o t  m ax im al and  we c an  a p p ly  t h e  ab o v e  a rg u m e n t
t o  t h e  r i n g  P j  . C o n t in u in g  i n  t h i s  m a n n e r  we g e t  e i t h e r
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c a s e  ( i i )  o r  ( i i i )  in. t h e  s t a t e m e n t .  I n  e i t h e r  c a s e  A i s  
a n  N - .r in g  b y  t h e  a rg u m e n t  in. t h e  f i r s t  p a r t  o f  c a s e  2 .
N ex t we i n v e s t i g a t e  r i n g s  w i t h  t h e  p r o p e r t y  t h a t
e v e r y  p r o p e r  hom om orph ic  im age  i s  an. N - r i n g .
T heorem  2 9 : A r i n g  R h a s  t h e  p r o p e r t y  t h a t  R/A i s  an. 
N - r i n g  f o r  e v e r y  i d e a l  A =j= (0 )  i f  a n d  o n l y  i f  R i s  one  
o f  t h e  f o l l o w i n g  t y p e s  o f  r i n g s .
( a )  R i s  a  one  d i m e n s i o n a l  N o e th e r i a n .  r i n g  w i t h  a  n o n -
I Pm ax im a l  p r im e  i d e a l  P 4= (0 )  s u c h  t h a t  P = ( 0 ) , t h e r e  a r e
no  i d e a l s  be tw een . P and  ( 0 ) ,  an d  R /P  i s .  an. N -d o m a in .
(b )  R = D © K  w h e re  D i s  an. N-domain. and  K i s  a  f i e l d .
( c )  R = R^ ©. . .©Rk©N w h e re  e a c h  R.. i s  a  N o e th e r ia n .  p r i m a r y
r i n g  w i t h  i d e n t i t y  a n d  N i s  a  n i l p o t e n t  r i n g  w i t h  t h e
ct • C • 0  •
(d )  R i s  an. RM -dom ain.
P r o o f : The r i n g  R i s  N o e t h e r i a n  s i n c e  R/A i s
N o e th e r i a n .  f o r  a l l  A 4= ( ° ) *
C ase  1 : R i s  a  d o m a in .  I f  R h a s  a  p r o p e r  p r i m e ,  th en ,
l e t  P d e n o te  one  s u c h  p r i m e .  I f  0 4  x e  P , t h e n  R / ( x 2 )
i s  an. N - r i n g .  L e t  <p:R-»R/(x  ) b e  t h e  n a t u r a l  m ap. T hen  
<j)(P) i s  m ax im a l and  P i s  m ax im a l  s i n c e  P 3  ( x 2 ) . T h e r e f o r e '  
R i s  an. RM-domain b y  C o r o l l a r y  4 .  I f  R h a s  n o  p r o p e r  
p r im e  i d e a l s  then . R i s  a g a in ,  an. RM-domain b y  C o r o l l a r y  4 .
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C a se  2 : R i s  n o t  a  dom ain  an d  R h a s  a t  l e a s t  one  p r o p e r  
p r im e  i d e a l  P w h ic h  i s  n o t  m a x im a l .  L e t  =j= R b e  a  p r im e
o f  R . Then R /P^  i s  an N -dom ain  and  dim  R / P ^ ^ l .  T h e re
a r e  no i d e a l s  b e tw e e n  P and  (0 )  b e c a u s e  P > A >  (0 )
i m p l i e s  P/A  i s  m ax im al i n  R/A w h ic h  i s  a  c o n t r a d i c t i o n .  
T h e r e f o r e  e i t h e r  P = P2 o r  P 2 = ( 0 ) .  I f  P 2 = ( 0 ) ,  t h e n  
R i s  a  r i n g  o f  t y p e  ( a ) .  I f  P = P t h e n  b y  p r o p o s i t i o n  
1 4 ,  R = P © R ( l - e ) .  S in c e  t h e r e  a r e  no i d e a l s  b e tw e e n  P 
an d  (0 )  and  P h a s  an i d e n t i t y ,  P m u s t  b e  a  f i e l d  s i n c e
an y  i d e a l  o f  P i s  an i d e a l  o f  R . T h e r e f o r e  R = K©D ,
w h e re  K i s  a  f i e l d  an d  D = R /P  i s  an N -d o m a in ,  and  R 
i s  o f  t y p e  ( b ) .
Case  3 : R i s  n o t  a  dom ain  an d  e v e r y  p r im e  i d e a l  o f  R
e x c e p t  R i s  m a x im a l .  I f  R h a s  no p r o p e r  p r i m e s  t h e n
/ ( 0 )  = R w h ic h  i m p l i e s  t h a t  R ^ = (0 )  s i n c e  R i s  N o e t h e r i a n ,
an d  R i s  a  r i n g  o f  t y p e  ( c ) .  I f  R h a s  a t  l e a s t  one
el ekp r o p e r  p r im e  i d e a l  t h e n  (0 )  = P w h e re  t h e  P^ a r e
m ax im al and  p r i m e .  By T heo rem  20 , R = Rn © N w h e re  Rn h a s
an  i d e n t i t y  and  N i s  n i l p o t e n t . .  In  Rn = R ,
— ® "1 — ® V
( 0 )  = P i  • • .Pfc s u ° h  t h a t  R/Pj_ i s  a  f i e l d .  T h e r e f o r e  
— — — — ,— ®k . .
• R = R / P j  © . . .© R /P ^  b y  [171178]* and"'R = R^©...©R^©N w h e re  
e .
Hi  = 5 / P i 1 i s  a  N o e t h e r i a n  p r i m a r y  r i n g  w i t h  i d e n t i t y  f o r  
e a c h  i  and  N i s  a  N o e t h e r i a n  n i l p o t e n t  r i n g .
C o n v e r s e l y ,  s u p p o s e  R i s  a  r i n g  o f  t y p e  ( a )  and  
l e t  B =|= (0 )  b e  an i d e a l  o f  R . I f  B = P , t h e n  R/B i s
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an. N - r i n g  b y  h y p o t h e s i s .  I f  B 4= P* t h e n  a l l  p r o p e r  p r im e s  
o f  R/B a re .  m ax im a l an d  R/B i s  N o e th e r i a n . .  H ence  R/B 
i s  an. N - r i n g  b y  C o r o l l a r y  26 , o r  R/B i s  a  f i e l d  w h ic h  i s  
an. N - r i n g .  S u p p o se  R = D© K , w h e re  D i s  an. N-domain. an.d 
K i s  a  f i e l d .  I f  B =}= (0 )  i s  an. i d e a l  o f  R then .
B = Bj ©B£  and  R/B = D/B^ © K/Bg . By c o n s i d e r i n g  t h e  c a s e s  
B2 = and  B2 = ^  f ° H ° ws e a s i l y  ( s e e  C o r o l l a r y  26)
t h a t  R/B i s  an. N - r i n g .  S i m i l a r l y ,  i f  R i s  o f  t y p e  ( c )  o r
( d )  then , i t  f o l l o w s  r e a d i l y  t h a t  R/B i s  an. N - r i n g  f o r  e a c h  
B =)= (0 )  in. R .
CHAPTER IV
COMMUTATIVE RINGS SATISFYING SOME PROPERTIES OF
DEDEKIND DOMAINS
I n  C h a p te r  I  we s t u d i e d  N -d o m ain s  an d  we r e c a l l  
t h a t  an. N -dom ain  w i t h  i d e n t i t y  i s  a  D e d e k in d  d o m a in .  In. t h i s  
c h a p t e r  we w i l l  c o n s i d e r  some p r o p e r t i e s  ( o r  c h a r a c t e r i z a t i o n s )  
o f  D e d e k in d  d o m a in s  and  s t u d y  r i n g s  h a v i n g  t h e s e  p r o p e r t i e s .  
F i r s t  we c o n s i d e r  a  v a r i a t i o n ,  o f  t h e  c o n c e p t  o f  N -d o m ain s  
o b t a i n e d  by  r e p l a c i n g  ( 1 ) ,  ( 2 ) ,  and  ( 3 ) b y  ( I ) ,  ( 2 ) and  ( 3 ' ) *  
S in c e  D i s  an. i d e a l  in. D*, ( 3 1 ) s im p ly  s t a t e s  t h a t  D 
i s  i n t e g r a l l y  c l o s e d  a s  an. i d e a l  o f  D* in. t h e  s e n s e  o f  
[185349].
We r e c a l l  t h a t  a  D e d e k in d  domain, i s  a  domain, w i t h  
i d e n t i t y  h a v i n g  p r o p e r t y  (n), a n d  n o t i c e  t h a t  e v e r y  
hom om orph ic  im age  o f  a  r i n g  w i t h  p r o p e r t y  (II) h a s  p r o p e r t y  
(n). In. t h e  c a s e  o f  d o m a in s  t h e  c o n v e r s e  i s  a l s o  v a l i d  
( s e e  C o r o l l a r y  3 2 ) .
B e f o r e  p r o v i n g  t h e  n e x t  th e o r e m  we make t h e
f o l l o w i n g  o b s e r v a t i o n .  An. i d e a l  D o f  R h a s  p r o p e r t y  ( 3 ‘ )
i f  an d  o n l y  i f  D i s  c o m p l e t e .  A domain. D i s  c o m p le te  i f
D = n dR„ , w h e re  S i s  t h e  s e t  o f  a l l  v a l u a t i o n s  v  o f  
veS v
K n o n - n e g a t i v e  on R and  Rv i s  t h e  v a l u a t i o n  r i n g
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c o r r e s p o n d i n g  t o  t h e  v a l u a t i o n ,  v [ 1 8 ; 3 5 0 ] ,
Theorem  3 0 : A domain. D w i t h  q u o t i e n t  f i e l d  K i s  c o m p le te
. . ( i n t e g r a l l y  c l o s e d  a s  an. i d e a l  in. D*) and  h a s  p r o p e r t i e s
(1 )  and  (2 )  i f  an d  o n l y  i f  D i s  an. i d e a l  in. a  D e d e k in d
domain. D s u c h  t h a t  D i s  a  f i n i t e  D * -m o d u le .
P r o o f : S upp ose  D s a t i s f i e s  c o n d i t i o n s  ( 1 ) ,  (2 )
an d  ( 3 ’ )» D ^ a s  an i d e n t i t y  th en .  D i s  a D e d e k in d
d o m a in .  I f  D d o e s  n o t  h a v e  an i d e n t i t y  t h e n  l e t  D he  
t h e  i n t e g r a l  c l o s u r e  o f  D* in. K . We w i l l  show t h a t  D 
i s  an i d e a l  i n  D ; D = D' = (DD)'  =>DD w h e re  A' d e n o te s  
t h e  c o m p le t io n  o f  A [ 18;3^-7* 3 4 8 ] ,  t h e r e f o r e  D i s  an. i d e a l  
o f  D . S in c e  D i s  an i d e a l  o f  b o t h  D* and  D , D 
i s  c o n t a i n e d  i n  t h e  c o n d u c t o r  o f  D o v e r  D* . F ix  
0 4= d e D and  l e t  d e D ; t h e n  dd e D , w h ic h  i m p l i e s  t h a t
d e D d '^cD ^d"-*- and  D c D * d - ’*' . Now D i s  N o e t h e r i a n  so
D* i s  N o e t h e r i a n  [ 5 j l 8 4 ]  a n d  D*d“ ^ i s  a  N o e t h e r i a n
D *-m odule  s i n c e  i t  i s  f i n i t e  o v e r  D* [ 1 7 ; 1 5 8 ] .  H ence D 
i s  a  N o e th e r ia n .  D *-m odule  [ 1 7 ; 1 5 6 ] ,  so  D i s  a N o e t h e r i a n  
. r in g  s i n c e  any  i d e a l  o f  D i s  a D * - s u b m o d u le . By Theorem
3 j D* h a s  p r o p e r t i e s  (1 )  an d  (2 )  so  D i s  an. RM-domain.
[ 3 $ 2 9 ] i  and  c o n s e q u e n t l y  D i s  a D e d e k in d  d o m a in .
C o n v e r s e l y ,  i f  D i s  an i d e a l  o f  a  D e d ek in d  domain.
D su c h  t h a t  D i s  a f i n i t e  D *-m od u le , t h e n  D* i s  
N o e t h e r i a n  b y  [ 4 ] .  By t h e  l y i n g  o v e r  th e o r e m  [1 7 ^ 2 5 9 ]  
dim D* = d im  D < 1 so  D* i s  an RM-domain [1 7 5 2 0 3 ]  and
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c o n s e q u e n t l y  D "has p r o p e r t i e s  (1 )  a n d  ( 2 ) .  Any i d e a l  A
i n  a  D e d e k in d  domain, i s  c o m p le te  b e c a u s e  Cl AH„ = QADr,=  A
veS v  P p
[ 1 8 ; 8 4 ] ,  so  D i s  c o m p l e t e .
N ex t we c o n s i d e r  r i n g s  w i t h  t h e  p r o p e r t y  t h a t  e v e r y
hom om orph ic  im age  i s  a  g e n e r a l  Z . P . I .  r i n g  ( i . e .  a  r i n g  w i t h  
p r o p e r t y  ( I I ) ) .
T heorem  3 1 : I f  R i s  a  r i n g ,  t h e n  R/A i s  a  g e n e r a l  Z . P . I .
.— i
r i n g  f o r  e v e r y  p r o p e r  i d e a l  A i f  and  o n l y  i f  one  o f  t h e  
f o l l o w i n g  i s  v a l i d  f o r  R:
( a )  R = (0 )  and  t h e  a d d i t i v e  g ro u p  o f  R i s  a  f i n i t e  
a b e l i a n  g ro u p  w hose o r d e r  i s  a  p r im e  o r  t h e  p r o d u c t  o f  two 
p r i m e s .
(b )  R i s  a  g e n e r a l  Z . P . I .  r i n g .
( c )  R i s  a  r i n g  w i t h  i d e n t i t y  h a v i n g  a  c o m p o s i t io n ,  s e r i e s
o f  i d e a l s  R > M > A >  (0 )  o f  l e n g t h  t h r e e ,  w h e re  M2 = ( 0 ) .
N o te  t h a t  M i s  m a x im a l ,  g e n e r a t e d  b y  tw o e l e m e n t s ,  and
t h e  o n l y  p r im e  i d e a l  o f  R d i f f e r e n t  f ro m  R .
(d )  R = R2 ©N w h e re  R2 =|= (0 )  i s  a  g e n e r a l  Z . P . I .  r i n g
w i t h  i d e n t i t y  w i t h  p r e c i s e l y  one  p r o p e r  p r im e  i d e a l  P ,
_  2
P = (0 )  and  N i s  a  r i n g  w i t h  no  p r o p e r  i d e a l s .  (N o te  
t h a t  N2 = (0 )  s i n c e  R2 = R ^ ) .
( e )  R = K ^ © K 2 ©N w here  t h e  a r e  f i e l d s ,  N2 = ( 0 ) ,  an d  
N h a s  no  p r o p e r  i d e a l s .
P r o o f : S u p p o se  R/A i s  a  g e n e r a l  Z . P . I .  r i n g  f o r
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e v e r y  i d e a l  A i n  R . We f i r s t  c o n s i d e r  t h e  c a s e  when 
r 2 = ( 0 ) .  I f  R = ( a )  f o r  a l l  a  ^  0 in. R, t h e n  R > ( 0 )  
i s  a  c o m p o s i t io n ,  s e r i e s  o f  i d e a l s  f o r  R. I f  a  ]= 0 i s  
an y  e le m e n t  o f  R s u c h  t h a t  R =j= ( a ) ,  then . R =  ( a , b )  f o r  
..any b i n  R - ( a )  s i n c e  R / ( a )  i s  a  g e n e r a l  Z . P . I .  r i n g  
w i t h  no  p r o p e r  p r im e  i d e a l s .  I t  f o l l o w s  t h a t  R >  ( a )  > (0 )  
i s  a  c o m p o s i t io n ,  s e r i e s  o f  i d e a l s  o f  R f o r  an y  a  =|= 0 
s u c h  t h a t  R 4= ( a ) .  S in c e  e a c h  a d d i t i v e  s u b g ro u p  o f  R i s  
.an., . i d e a l  i t  f o l l o w s  e a s i l y  f ro m  e l e m e n t a r y  g ro u p  t h e o r y  t h a t  
R i s  f i n i t e  w i t h  o r d e r  e i t h e r  a  p r im e  o r  t h e  p r o d u c t  o f  
tw o p r i m e s .
From  t h i s  p o i n t  on. we s u p p o s e  t h a t  R^ =j= ( 0 ) .
C ase  1 . I f  P , P^ a r e  a n y  tw o i d e a l s  w h ic h  a r e  m ax im al
an d  p r i m e ,  th en .  PP^ * ( 0 ) .
In. t h i s  c a s e  we show t h a t  R i s  a  g e n e r a l  Z . P . I .
: r i n g .  F i r s t  t h e  a . c . c .  f o r  i d e a l s  h o l d s  in. R s i n c e  i t
h o l d s  in. t h e  g e n e r a l  Z . P . I .  r i n g  R/A f o r  e v e r y  p r o p e r
. i d e a l  A in. R [ 1 3 ;  1 2 5 ] . .  S e c o n d ,  i f  P an d  P^ a r e  two
i d e a l s  w h ic h  a r e  m ax im al and  p r im e  in. R , th en .  R / (P P ^ )  i s
a . g e n e r a l  Z . P . I .  r i n g ,  i m p l y i n g  t h a t  t h e r e  a r e  no  i d e a l s
be tw een . P and  PP^ and  t h i s  i m p l i e s  t h e r e  a r e  no i d e a l s
be tw een . P and  PP^ . F i n a l l y ,  R/R i s  a  g e n e r a l  Z . P . I .
"2r i n g ,  so  t h e r e  a r e  no  i d e a l s  be tw een . R and  R an d  t h i s
pi m p l i e s  t h a t  t h e r e  a r e  no  i d e a l s  be tw een . R an d  R . T h e s e  
t h r e e  c o n d i t i o n s  c h a r a c t e r i z e  g e n e r a l  Z . P . I .  r i n g s  b y  [ 1 3 ; 1 3 1 ] .
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C ase  2 .  T h e re  e x i s t  tw o  d i s t i n c t  i d e a l s .  P an d  w h ic h  
a r e  m ax im al  an d  p r im e  s u c h  t h a t  PP^ = ( 0 ) .
We show i n  t h i s  c a s e  t h a t  R s a t i s f i e s  e i t h e r  (b )  
o r  ( c ) .  C hoose  x  e P ^ - P .  Then x  = x  + P i s  a  u n i t  i n  
R = R /P  a n d . t h e r e  e x i s t s  x* i n  R su c h  t h a t  x x ’ = r  ,
t h e  i d e n t i t y  i n  R , a n d  xx* e P ^ - P .  S e t  r  = x x ' .  Then
r - A p  s i n c e  r ^  = r  , an d  r ( r - r ^ )  e PP^ = ( 0 ) ,  w h ic h  i m p l i e s
2 h  2 i 2t h a t  r  = r  an d  r  <f P . L e t t i n g  e = r  , we h a v e
(0 )  < ( e )  < R  s i n c e  e e  ^  ^  ^ a s  a n  ^ e n t i t y ,
R = R*; i f  R d o e s  n o t  h a v e  an. i d e n t i t y ,  th en ,  l e t  R* = R* ( R ) .
I f  .1 i s  t h e  i d e n t i t y  o f  R*, th en ,  e and  1 - e  a r e  m u t u a l l y  
o r t h o g o n a l  i d e m p o te n t  e l e m e n t s  in. R* and  we h a v e
(1 )  R* = R*e © R * ( 1 - e )
I f  A i s  a n y  i d e a l  in. R, i t  f o l l o w s  f ro m  ( i )  t h a t
A = A e © A ( l - e )  a n d  in. p a r t i c u l a r
( i i )  R = Re © R ( l - e )  a n d  P = P e @ P ( l - e ) .
S i n c e  e e P ^ ,  t h e n  P e c : P P ^ = ( 0 ) ;  P c  (0 )  = Re • R ( l - e )  i m p l i e s
t h a t  P c R ( l - e ) ,  P c R  y i e l d s  P ( l - e )  c  R ( l - e ) , a n d  t h e r e f o r e  
P ( l - e ) = R ( l - e ) . I t  now f o l l o w s  f ro m  ( i i ) . t h a t  P = R ( l - e )  and
( i i i )  R = Re © P.
S i n c e  P = R/Re and  Re = R./P, i t  f o l l o w s  t h a t  Re i s  a  
f i e l d  an d  P i s  a  g e n e r a l  Z . P . I .  r i n g .  Prom  PP^ = (0 )  i n  
R an d  ( i i i )  we c o n c lu d e  t h a t  P h a s  e x a c t l y  one  p r im e  i d e a l  
P* =}= P an d  P* i s  m ax im a l -  i n  f a c t  R e © P *  = P^ ( i t  c an
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b e  shown t h a t  P* = P ^ ( l - e ) ) ,  a n d  t h e r e f o r e  PRe © PP* = PP-^ = (0 )
a n d  PP* = ( 0 ) .  H ence  t h e  o n l y  i d e a l s  i n  P a r e  t h e  p o w e rs
o f  P , P* a n d  ( 0 )  ( n o t e  t h a t  P.^1 ={= (0 )  s i n c e
( 0 ) c p ^ p ) ,  I f  P h a s  an i d e n t i t y ,  t h e n  i t  f o l l o w s  f ro m
( i i i )  t h a t  R i s  a  g e n e r a l  Z . P . I .  r i n g  ( a l s o ,  P* = (0 )  i n
t h i s  c a s e  a n d  P i s  a  f i e l d ) .  S u p p o se  P d o e s  n o t  h a v e  an
i d e n t i t y .  Then P > P 2 b y  [ 5 5 1 8 5 ] . ’ S in c e  P2 c):P*, t h e n
P = P 2 + P* . F u r th e r m o r e  P 2 fl P* = (0 )  s i n c e  t h e  o n l y  i d e a l s
i n  P a r e  ( 0 ) ,  P*, and  t h e  p o w e rs  o f  P . Hence
P = p 2 ® p *  a n d  P /P *  = P 2 i s  a  f i e l d .  S in c e  P i s  a
g e n e r a l  Z . P . I .  r i n g ,  t h e r e  a r e  n o  i d e a l s  p r o p e r l y  b e tw e e n  
2P an d  P a n d  h e n c e  P* h a s  no  p r o p e r  i d e a l s .  C o n s e q u e n t ly
R = R e © P 2 © P *  i s  o f  t y p e  ( e ) ,  s i n c e  ( i i i )  i m p l i e s  t h a t
2 2 R = Re © P .
Case  3 . T h e r e  e x i s t s  an i d e a l  P , w h ic h  i s  m ax im al and  p r im e ,
p
s u c h  t h a t  P = ( 0 ) .  (N o te  t h a t  P i s  t h e  o n l y  p r im e  i n  R 
d i f f e r e n t  f ro m  R ) .
S i n c e  a  f i e l d  i s  a  g e n e r a l  Z . P . I .  r i n g ,  we may assum e
O
t h a t  P > P  = ( 0 ) .  S u p p o se  t h a t  R h a s  an i d e n t i t y .  I f  t h e r e
O
a r e  no  i d e a l s  p r o p e r l y  b e tw e e n  P and P = (0 )  t h e n  R i s  a
g e n e r a l  Z . P . I .  r i n g  s i n c e  t h e  a . c . c .  f o r  i d e a l s _ h o l d s  i n  R and
2
t h e r e  a r e  no  i d e a l s  p r o p e r l y  b e tw e e n  R a n d  R [ 1 3 ; 1 3 1 ] ,  S uppose
p
t h e r e  e x i s t s  an i d e a l  p r o p e r l y  b e tw e e n  P an d  P = ( 0 ) .  I f  A 
an d  B a r e  a n y  i d e a l s  o f  R s u c h  t h a t  (0 )  < A < B c p  , t h e n
B = P s i n c e  R = R/A i s  a  g e n e r a l  Z . P . I .  r i n g  w i t h
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“  “  “2i d e n t i t y  w i t h  e x a c t l y  one  p r im e  i d e a l  P R and  P = (0 )  
i n  R . I t  f o l l o w s  t h a t  i f  A i s  any  p r o p e r  i d e a l  o f  R 
s u c h  t h a t  A =}= P , t h e n  (0 )  < A < P < R  i s  a  c o m p o s i t io n ,  
s e r i e s  o f  i d e a l s  o f  R , an d  R s a t i s f i e s  ( c ) .
We c o n s i d e r  now t h e  c a s e  i n  w h ic h  R d o e s  n o t  h a v e  
an. i d e n t i t y  ( a n d  t h e r e f o r e  R > R 2 b y  [ 5 ^1 8 5 ] ) .  S i n c e  R2 c|:P ,
then . R = R2 + P and  R2 = (R2 + P ) 2 = R^ + PR2 = R2 (R2 + P) =
3 2. k- ?R . . C o n s e q u e n t ly  R = R and  R h a s  an. i d e n t i t y  e
s i n c e  t h e  a . c . c .  h o l d s  in. R [ 5 j l 8 5 ] .  S in c e  ( 0 ) < ( e ) < R  
2an d  e = e , i t  f o l l o w s  a s  in. c a s e  2 t h a t  t h e r e  e x i s t s  an. 
i d e a l  N in. R su c h  t h a t
( i v )  R = Re © N .
We h a v e  R2 = R2e c R e c R 2 , so  t h a t  Re = R2 and
(v )  R = R2 ©N .
*“ PS in c e  R = R /R  i s  a  g e n e r a l  Z . P . I .  r in g . ,  t h e r e  a r e  no  i d e a l s
“2p r o p e r l y  b e tw e e n  R an d  R , and  t h e r e f o r e  N i s  a  r i n g
2 2 2w i t h  no  p r o p e r  i d e a l s  ( a l s o ,  s i n c e  R • R = R , i t  f o l l o w s  
f ro m  (v )  t h a t  N = (0 )  an d  N i s  t h e  o n l y  p r im e  i d e a l  in. 
t h e  r i n g  N ) .  S in c e  P i s  t h e  o n l y  p r im e  i d e a l  o f  R
d i f f e r e n t  f r o m  R a n d  P i s  m ax im al in. R , i t  f o l l o w s  f ro m
• 2 —  1 p —
( v )  t h a t  R h a s  e x a c t l y  o n e  p r im e  i d e a l  P f  R an d  P
— — p
i s  m a x im a l .  M o re o v e r ,  P = P ® N  i m p l i e s  t h a t  P = ( 0 ) ,
a n d  R s a t i s f i e s  ( d ) .
C o n v e r s e l y ,  s u p p o s e  R s a t i s f i e s  ( a ) .  As a
p
c o n s e q u e n c e  o f  R = ( 0 ) ,  i t  f o l l o w s  t h a t  (0 )  i s  n o t  p r im e
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i n  R i a l s o ,  i f  A i s  a  p r o p e r  i d e a l  o f  R an d  R = R/A ,
t h e n  R2 = ( 0 ) .  I f  | r | i s  p r i m e ,  th en .  R h a s  no  p r o p e r
i d e a l s  an d  i s  a  g e n e r a l  Z .P . I , .  r i n g .  S u p p o se  | r | = p q  
w h e re  p an d  q a r e  p r im e  i n t e g e r s ,  an d  l e t  A h e  a  p r o p e r
i d e a l  o f  R . Then. |A | = p o r  q , |R /A | = q o r  p , and
R/A i s  a  g e n e r a l  Z . P . I .  r i n g .
I t  i s  c l e a r  t h a t  i f  R s a t i s f i e s  ( b ) ,  th en .  R/A 
i s  a  g e n e r a l  Z . P . I .  r i n g  f o r  e v e r y  p r o p e r  i d e a l  A i n  R .
I f  R i s  o f  t y p e  ( c )  an d  B i s  a  p r o p e r  i d e a l
o f  R, th en .  R = R/B i s  a  f i e l d  in. c a s e  B = M , a n d  when 
B <M  th en .  ( 0 ) < M < R  i s  a  c o m p 'o s i t io n .  s e r i e s  and  t h e  o n l y  .
— — — — O
i d e a l s  in. R' a r e  R,- M, and  M = ( 0 ) .  S in c e  M i s  t h e
u n i q u e  m a x im a l  i d e a l  o f  R , t h i s  e s t a b l i s h e s  t h e  c o n v e r s e
in. c a s e  ( c )  h o l d s .
I f  R i s  e i t h e r  o f  t y p e  (d )  o r  ( e ) ,  then , t h e  i d e a l s  
o f  R . a r e  e a s i l y  c o m p u ted  and  t h e  c o n v e r s e  f o l l o w s ’ d i r e c t l y .
C o r o l l a r y  3 2 : I f  . .D i s  a  domain, w i t h  an. i d e n t i t y ,  th en .  D
i s  a  D e d e k in d  domain, i f  a n d  o n l y  i f  D/A i s  a  g e n e r a l  Z . P . I .  
r i n g  f o r  a l l  p r o p e r  i d e a l s  A o f  D .
D e f i n i t i o n  3 3 : L e t  D b e  a  domain, a n d  A ^ ( 0 )  an i d e a l  o f
D j t h e n  A i s  s a i d  t o  b e  i n v e r t i b l e  i f  t h e r e  e x i s t s  a  
f r a c t i o n a r y  i d e a l  F o f  D* s u c h  t h a t  AF = D *.
T h eo rem  3^-: I f  D i s  a  domain, in. w h ic h  e v e r y  p r im e  i d e a l  
P ={= (0 )  i s  i n v e r t i b l e ,  t h e n  D* i s  an. RM -dom ain.
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P r o o f ; L e t  P =}= (0 )  b e  a  p r im e  i d e a l ;  then , t h e r e  
e x i s t s  .an. F s u c h  t h a t  PF = D*, w h ic h  i m p l i e s  P i s  
f i n i t e l y  g e n e r a t e d  [ 6 ; 5 8 0 ]  an d  t h a t  D i s  N o e th e r ia n .  [ 3 j 29] 
so  D* i s  N o e th e r ia n .  [ 5 j l 8 4 ] .  I f  P i s  a  p r o p e r  p r im e  
i d e a l  o f  D , th en .  Dp i s  a  domain, w i t h  i d e n t i t y  i n  w h ic h  
e v e r y  p r o p e r  p r im e  i d e a l  i s  i n v e r t i b l e ,  w h ic h  i m p l i e s  t h a t  
Dp i s  a  D e d e k in d  domain. [ 1 5 ;2 3 3 ] «  Hence p r o p e r  p r im e  i d e a l s  
o f  D a r e  m ax im al an d  D* i s  an RM-domain. b y  C o r o l l a r y  4 .
A l th o u g h  we a r e  n o t  a b l e  t o  g i v e  a  c o m p le te  
c h a r a c t e r i z a t i o n ,  o f  d o m ain s  in. w h ic h  p r im e  i d e a l s  a r e  
i n v e r t i b l e  we o . f f e r  t h e  f o l l o w i n g  th e o r e m  a b o u t  d o m ain s  in. 
w h ic h  a l l  n o n - z e r o  i d e a l s  a r e  ^ i n v e r t i b l e  (we c a l l  su c h  a  
domain, an. d o m a i n ) .
T heorem  3 3 : I f  D i s  an sd-dom ain, t h e n  D* i s  a D e d ek in d  
d o m a in ;  and  c o n v e r s e l y ,  i f  A =}= (0 )  i s  an i d e a l  i n  a D e d e k in d  
dom ain  D s u c h  t h a t  A* = A*(D) = D , t h e n  A i s  an sd-domain
P r o o f ; We f i r s t  assum e t h a t  D i s  an. sd -dom ain .
By T heorem  34 D* i s  an RM-domain; s i n c e  e v e r y  i d e a l  i s  
i n v e r t i b l e ,  we s e e  t h a t  t h e  c o n c e l l a t i o n  la w  h o l d s  i n  D 
an d  c o n s e q u e n t l y  i n  D* a l s o  [ 7 ; 2 8 4 ] .  The c a n c e l l a t i o n  law  
i n  D* i m p l i e s  D* i s  i n t e g r a l l y  c l o s e d  [ 7 j 2 8 3 ] .  T h e r e f o r e  
D* i s  a dom ain  w i t h  p r o p e r t i e s  ( 1 ) ,  ( 2 ) ,  and  (3 ) so  D* 
i s  a  D e d e k in d  dom ain [ 1 7 ; 2 7 5 ] .
C o n v e r s e l y ,  l e t  A 4= (0 )  t>e an i d e a l  o f  D s u c h
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t h a t  A* = D an d  D i s  a  D e d e k in d  d o m a in .  I f  B i s  an  
i d e a l  o f  A , t h e n  B i s  an  i d e a l  o f  A* = D , i m p l y i n g  t h a t  
B i s  i n v e r t i b l e  and  A i s  a n  s£ -dom ain .
C o r o l l a r y  3 6 : I f  D i s  a  dom ain  s u c h  t h a t  e v e r y  i d e a l  i s
p r i n c i p a l ,  t h e n  D* i s  a  D e d e k in d  d o m a in .
P r o o f : T h i s  c o r o l l a r y  f o l l o w s  f ro m  t h e  f a c t  t h a t
p r i n c i p a l  i d e a l s  o f  t h e  fo rm  aD + aZ a r e  i n v e r t i b l e  and  
T heorem  35*
We n o t e  t h a t  n e i t h e r  an sd -d om ain  n o r  a  d om ain  i n  
w h ic h  a l l  i d e a l s  a r e  p r i n c i p a l  n e e d  b e  i n t e g r a l l y  c l o s e d ,  
f o r  e x am p le  e v e r y  i d e a l  o f  D = 4 z  i s  p r i n c i p a l  a n d  D i s
2 in o t  i n t e g r a l l y  c l o s e d  s i n c e  2 e D and  2 $ D .•
D e f i n i t i o n  3 7 ' A dom ain  D i s  c a l l e d  a  d - domain, i f  f o r  e a c h
i d e a l  A o f  D t h e r e  e x i s t s  a  n o n - n e g a t i v e  i n t e g e r
, v •• k  n  e ik = k ( A)  s u c h  t h a t  AD = . II P . w h e re  t h e  P. a r e  p r im e
i = l  1 1
i d e a l s  o f  D ( p o s s i b l y  P^ = D , f o r  some i ) .  We o b s e r v e  
h e r e  . t h a t  t h e  r i n g  o f  e v e n  i n t e g e r s  i s  a  d-dom ain . b u t  n o t  a  
D e d e k in d  d o m a in .
Lemma-3 8 : F o r  e a c h  p r im e  i d e a l  P i n  D , t h e r e  e x i s t s  a
p r im e  i d e a l  P* i n  D* s u c h  t h a t  P* Pi D = P . I f  D* i s  one
d i m e n s i o n a l ,  th en , t h e  p r o p e r  p r im e  i d e a l s  o f  D a r e  
p r e c i s e l y  t h e  i d e a l s  P*D w h e re  P* i s  a  p r o p e r  p r im e  i d e a l  
o f  D* s u c h  t h a t  P* + D = D* .
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P r o o f : F o r  a  p r o p e r  p r im e  P i n  D , we h a v e
PDp fl D* = P* i s  a  p r o p e r  p r im e  i d e a l  i n  D* and  
P* 0 D = PDp fl D = P .  F u r t h e r m o r e ,  P = P* fl D = P*D i n  
c a s e  P* i s  m ax im al in. D* . I n  a d d i t i o n ,  f o r  a  p r o p e r  p r im e  
P* i n  D* su c h  t h a t  D + P* = D*, we h a v e  P* fl D = P*D i s  
a  p r o p e r  p r im e  o f  D .
T heorem  3 9 ’ A dom ain  D i s  an. i n v e r t i b l e  d-dom ain. i f  and  o n l y  
i f  D* i s  a  D e d e k in d  d om ain  and  D i s  a  p r im e  i d e a l  in. D*.
P r o o f : We show f i r s t  t h a t  i f  P i s  a  p r o p e r  p r im e
i d e a l  o f  D , t h e n  P i s  i n v e r t i b l e .  S in c e  D i s  a  
d -d o m a in ,  i t  f o l l o w s  t h a t  e v e r y  i d e a l  in, t h e  q u o t i e n t  r i n g  
Dp i s  a  p r o d u c t  o f  p r im e  i d e a l s  and  Dp i s  a  D e d e k in d  
d o m ain ;  h e n c e  P ■ i s  m a x im a l .  F o r  0 |=__ae P-~, we h a v e
P=> ( a ) Dk  = P1> . .Pn (P^ p r im e  in. D ) ,  P ^ P ^  f o r  some i  , and
P = P^ . I t  f o l l o w s  t h a t  P i s  i n v e r t i b l e  s i n c e  ( a ) D^  i s
i n v e r t i b l e .  We c o n c lu d e  t h a t  e v e r y  n o n - z e r o  p r im e  i d e a l  in.
D i s  i n v e r t i b l e .  C o n s e q u e n t ly ,  i f  A* i s  a  n o n z e r o  i d e a l  
in. D* , then . A*D i s  a  p r o d u c t  o f  p r im e  i d e a l s  in. D and
A* i s  i n v e r t i b l e  s i n c e  D i s  i n v e r t i b l e .  T h e r e f o r e  D* i s
a  D e d e k in d  dom ain  [ 1 7 ;2 7 5 ] *  L e t  A* b e  an. i d e a l  o f  D
su c h  t h a t  D * 3 A * > D .  Now, A*D i s  an. i d e a l  o f  D w h ic h
i s  n o t  c o n t a i n e d  in. any  p r o p e r  p r im e  i d e a l  P = P*D (Lemma
38) o f  D s i n c e  P*^>D ; h e n c e  A*D*DU = Dv  an d  A* = D*
s i n c e  A* > D an d  D i s  i n v e r t i b l e .  T h e r e f o r e  D i s
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m a x im a l  and  p r im e  i n  . D*.
C o n v e r s e l y ,  i f  D* i s  a  D e d e k in d  dom ain  and  D i s
p r im e  i n  D* , t h e n  D i s  i n v e r t i b l e .  I f  A^ =( 0 )  i s  an
i d e a l  o f  D , t h e n  A i s  an. i d e a l  o f  D* and
A = P * . . . P * * D S , w h e re  P? i s  a  p r o p e r  p r im e  i d e a l  o f  D* 
I n .  1
su c h  t h a t  P ? ^ D .  I t  f o l l o w s  t h a t  ADn  = P ^ . . . P n Ds w h e re  
P i  = P?D i s  a  p r o p e r  p r im e  o f  D f o r  i  = 1 , . . . , n .
E xam ple  4 0 : We now g i v e  an. e x am p le  o f  a  d-dom ain. D su c h
t h a t  D* i s  n o t  a  D e d ek in d  d o m a in .
L e t  A b e  a  n o n z e r o  i d e a l  in. t h e  domain, 
j  _ {a + b | a , b  e Z}, l e t  a  b e  t h e  s m a l l e s t  p o s i t i v e
i n t e g e r  in. A , an d  l e t  b b e  t h e  s m a l l e s t  p o s i t i v e  v a l u e
o f  y  among a l l  num bers  x + y  / 5  A . U s in g  t h e  d i v i s i o n ,
a l g o r i t h m ,  t h e  " m in im a l"  p r o p e r t y  o f  b , an d  t h e  f a c t  t h a t  
A i s  an. i d e a l  in. J  , i t  f o l l o w s  d i r e c t l y  t h a t "  b | a  and  
b | x  , b | y  f o r  a l l  x  + y  i n  A . L e t  t  + b e A , 
w h e re  0 < t < a  , and  s e t  a  = bm, t  = b r  w i t h  m , r e  Z .
Then, bm and  b ( r  + / $ )  fo rm  an. i n d e p e n d e n t  Z - b a s i s  f o r  A
p
and  r  ss 5 (mod m ), i . e .
( 1 )  A = bmZ + b ( r + / 5 ) Z  . 0 < r < m , r 2 s  5 (mod m ) .
C o n v e r s e l y ,  a n y  Z -m odu le  o f  t y p e  ( 1 ) ,  su c h  t h a t  r  a 5 (mod m), 
i s  an. i d e a l  i n  J  .
' D e n o te  b y  S t h e  s e t  o f  odd  i n t e g e r s  in. Z , and
s e t  R = Jg  = f a / s  | a  € J ,  s e S ) , i . e . R i s  t h e  q u o t i e n t  r i n g
o f  J  fo rm ed  w i t h  r e s p e c t  t o  t h e  m u l t i p l i c a t i v e  s y s te m  S
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[ 1 7 , 2 2 3 ] .  F o r  e a c h  i d e a l  B o f  R , we h a v e  Bfl J  i s  an  
i d e a l  o f  J  and  (Bfl  J ) R  = B.  S in c e  e v e r y  n o n z e r o  i d e a l  o f  
J  i s  a  Z -m odu le  o f  t y p e  ( 1 ) ,  i t  f o l l o w s  t h a t  e v e r y  n o n z e r o  
i d e a l  B i n  R i s  a  two d i m e n s i o n a l  Z g-m odu le  w h e re  
Zg = [ a / s  | a  e Z, s e S ] , i . e .
( 2 )  B = b m Z g + b ( r + / 5 ) Z g  , 0 < r < m , r 2 s 5  (mod m) w h e re
b , m , r  e Z and  b , m a r e  p o s i t i v e .  We may assum e t h a t  b and
Ir 0
m a r e  p o w e rs  o f  2 , s a y  b = 2 and  m = 2 , and  r e d u c e  
r  mod. 2e , so  t h a t
(3 )  B = 2k -2 e Zs  + 2k ( r Q + / 5 ) Z g  , 0 < r Q < 2e ,
P P Pr Q a  5 (mod 2 ) .  H ow ever, x  3 5 (mod 8) h a s  no  s o l u t i o n s ,
and  t h e r e f o r e  0 < e < 2 .  I f  we d e n o te  b y  2k [ 2 e , r Q + / 5 ]  t h e
Z g-m odule  i n  ( 3 ) ,  then , i t  f o l l o w s  t h a t  t h e  o n l y  n o n z e r o
ki d e a l s  i n  R a r e  g i v e n  b y  t h e  f o l l o w i n g  Z g -m o d u le s :  2 R,
2kM, 2k B, an d  2k B w h ere  R = [ 1 ,  / $ ] ,  M = [ 2 , 1 + / 5 ] ,
B‘ = [ 4 , l + / 5 l ,  B = [ 4 , 1 - / 5 ]  = [ 4 , 3  + / 5 ] ,  an.d k  = 0 , l , 2 , . . .  . 
S in c e  e v e r y  p r o p e r  i d e a l  can. b e  g e n e r a t e d  b y  a  b a s i s  o f  two 
e l e m e n t s ,  t h e n  R i s  an. RM-domain. [ 3 ; 3 7 ]  an.d t h e r e f o r e  R 
i s  N o e th e r ia n .  an d  o n e - d i m e n s i o n a l .  I t  i s  c l e a r  t h a t  e a c h  p r o p e r  
i d e a l  o f  R i s  c o n t a i n e d  in. M , a n d  c o n s e q u e n t l y  M i s  
t h e  u n i q u e  p r o p e r  p r im e  i d e a l  o f  R . We n o t e  t h a t  R i s
n o t  i n t e g r a l l y  c l o s e d  ( h e n c e ,  n o t  a  D e d e k in d  domain.) s i n c e
( l + / 5 ) / 2  i s  a  r o o t  o f  x 2 -  x  -  1 = 0 and  ( l + / 5 ) / 2  i s
n o t  in. R (in . f a c t ,  t h e  i n t e g r a l  c l o s u r e  R o f  R i n  i t s
q u o t i e n t  f i e l d  F i s  a  N o e t h e r i a n  v a l u a t i o n ,  r i n g ,  and  R i s
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t h e  o n l y  p r o p e r  o v e r r i n g  o f  R in. P ) . A d i r e c t  c o m p u ta t io n  
show s t h a t  Mk+1 = 2 ^  , 2k B-M = Mk + 2 , 2k B*M = Mk + 2 , an d
2k R*M = Mk+*1' f o r  k  = 0 , 1 , 2 , . . .  . H ence AM i s  a  po w er
o f  M f o r  e a c h  n o n z e r o  i d e a l  A o f  R . We o b s e r v e  t h a t  
M i s  n o t  i n v e r t i b l e  s i n c e  R i s  n o t  a  D e d e k in d  domain.; 
h o w e v e r ,  B = ( 1 + / 5 ) R  a nd  B = ( 1 - / 5 ) R ,  so  t h a t  e v e r y  i d e a l  
o f  R i s  p r i n c i p a l  e x c e p t  f o r  t h e  p o w e rs  o f  M .
I f  we s e t  D = M, t h e n  i t  f o l l o w s  e a s i l y  t h a t
D* = R . C o n s e q u e n t ly ,  t h e  i d e a l s  o f  D a r e  p r e c i s e l y  t h e
i d e a l s  o f  D* w h ic h  a r e  d i f f e r e n t  f ro m  D* ; f u r t h e r m o r e ,
D h a s  no  p r o p e r  p r im e  i d e a l s .  H ow ever, D i s  a  d-dom ain. 
su c h  t h a t  D* i s  n o t  a  D e d e k in d  dom ain  ( n o t e  t h a t  D i s  
a l s o  an. RM-domain.).
A D e d ek in d  domain, h a s  t h e  p r o p e r t y  t h a t  e v e r y  p r o p e r  
hom om orphic  im age  i s  a  p r i n c i p a l  i d e a l  r i n g  ( P . I . R . )  and  t h e  
c o n v e r s e  i s  a l s o  v a l i d .  In. t h e  n e x t  th e o r e m  we c h a r a c t e r i z e  
r i n g s  w i t h  an i d e n t i t y  w h ic h  h a v e  t h e  p r o p e r t y  t h a t  e v e r y  
p r o p e r  hom om orph ic  im age  i s  a  p r i n c i p a l  i d e a l  r i n g .  B e f o r e  
p r o v i n g  t h i s  th e o r e m ,  we w i l l  n e e d  t h e  f o l l o w i n g  d e f i n i t i o n ,  
and  lemma.
D e f i n i t i o n  4 l : A p r i n c i p a l  i d e a l  r i n g  i s  c a l l e d  a  s p e c i a l
JP.JE.R. i f  i t  h a s  o n l y  one  p r im e  i d e a l  P =}= R and  i f  
Pn  = (0 )  f o r  some p o s i t i v e  i n t e g e r  n .
We w i l l  u s e  t h e  f o l l o w i n g  th e o r e m  f ro m  [ 1 7 ; 2 4 5 ] :
4 o
" a  r i n g  R w i t h  an. i d e n t i t y  i s  a  P . I . R .  i f  an d  o n l y  i f  R 
i s  a  d i r e c t  sum o f  P . I . D . ' s  and  s p e c i a l  P . I . R . 1s " .
Lemma 4 2 :  I f  R i s  a  P . I . R .  w i t h  i d e n t i t y ,  t h e n  R i s
a  g e n e r a l  Z . P . I .  r i n g .
P r o o f : Due t o  t h e  ab o v e  th e o r e m  we n e e d  o n l y  show
t h a t  a  s p e c i a l  P . I . R .  i s  a  g e n e r a l  Z . P . I .  r i n g .  L e t  P be  
t h e  u n iq u e  p r im e  i d e a l  i n  a  s p e c i a l  P . I . R . ,  t h e n  P =  (p )  
and p n  = 0 .  F o r  0 =J= x  e R, th en ,  e i t h e r  R = (x )  o r  x e  ( p ) ,  
and  x e  (p 1 ) - (p'*'"1"^) j h e n c e  x  = p ^ e  w h e re  e ^  ( p ) ,  so  
e i s  a  u n i t  and  ( x ) = ( p 1 ) = P1 . C o n s e q u e n t l y ,  R i s  
a  g e n e r a l  Z . P . I .  r i n g  s i n c e  a  f i n i t e  d i r e c t  sum o f  g e n e r a l  
Z . P . I .  r i n g s  w i t h  i d e n t i t y  i s  a  g e n e r a l  Z . P . I .  r i n g .
Theorem  4 3 : L e t  R b e  a  r i n g  w i t h  an. i d e n t i t y .  Then. R/A
i s  a  p r i n c i p a l  i d e a l  r i n g  ( P . I . R . )  f o r  e v e r y  p r o p e r  i d e a l  A 
i f  an d  o n l y  i f  one  o f  t h e  f o l l o w i n g  h o l d s :
i )  R i s  a  D e d e k in d  d o m a in .  •
i i )  R i s  a  P . I . R .  w i t h  an  i d e n t i t y .
i i i )  R i s  a  r i n g  w i t h  an. i d e n t i t y  w i t h  a  u n iq u e  p r im e  i d e a l
M =}= R . s u c h  t h a t  M = ( a , b ) ,  M2 = ( 0 )  and  R > M >  ( a )  > (0 )
i s  a  c o m p o s i t io n ,  s e r i e s .
P r o o f :  I f  R/A i s  a  P . I . R .  f o r  a l l  p r o p e r  i d e a l s
A o f  R , t h e n  b y  Lemma 4 2  R/A i s  a  g e n e r a l  Z . P . I .  r i n g  
f o r  a l l  p r o p e r  i d e a l s  A . T h e r e f o r e  b y  T heorem  31* R i s
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e i t h e r  a  g e n e r a l  Z . P . I .  r i n g  w i t h  i d e n t i t y  o r  a  r i n g  o f
t y p e  ( i i i )  . F i r s t  c o n s i d e r  t h e  c a s e  when R i s  a  g e n e r a l
Z . P . I .  r i n g ;  t h e n  b y  [ 2 ; 8 9 ] *  R = R-j©...©Rn w h e re  R^ i s
e i t h e r  a  D e d e k in d  dom ain o r  a  s p e c i a l  p r i m a r y  r i n g .  I f  n = 1 ,
t h e n  R i s  e i t h e r  a  D e d e k in d  dom ain  o r  a  s p e c i a l  p r i m a r y
r i n g .  I f  R i s  a  s p e c i a l  p r i m a r y  r i n g  t h e n  b y  [ 2 ; 8 9 ] R i s
a  P . I . R .  b e c a u s e  R i s  a  g e n e r a l  Z . P . I .  r i n g  w i t h  t h e  d . c . c .
(R h a s  t h e  d . c . c .  s i n c e  p r im e  i d e a l s  a r e  m a x im a l ) .  I f  n > 1 ,
t h e n  R /(  S R . )  = R. i s  a  P . I . R .  f o r  i  = 1 ,  . . . , n  a nd  R i s  a
J f i  0 1
P . I . R .
The c o n v e r s e  i s  w e l l  known i n  c a s e  ( i )  o r  ( i i )  h o l d .
Now s u p p o s e  R h a s  p r o p e r t y  ( i i i )  an d  we w i l l  show t h a t  
e v e r y  i d e a l  B =}= M i s  p r i n c i p a l .  S in c e  R > M >  ( a )  > (0 )  i s  a  
c o m p o s i t i o n  s e r i e s ,  t h e n  R > M > B ^  (b )  > (0 )  can. b e  r e f i n e d  t o  
a  c o m p o s i t i o n  s e r i e s  o f  t h e  same l e n g t h  and  B =  ( b ) .  I t  i s  
c l e a r  t h a t  M = M/B i s  p r i n c i p a l  i n  R/B = R, s i n c e  M= (x )  f o r
a n y  x  e M-B ( R > (x )  + B > B > (0 )  i s  a  c o m p o s i t i o n  s e r i e s ) .
In. a  l a r g e  p a r t  o f  t h i s  p a p e r  we a r e  c o n c e r n e d  w i t h
t h e  r e l a t i o n s h i p  b e tw e e n  t h e  a . c . c .  a n d  t h e  d . c . c .  The
f o l l o w i n g  th e o r e m  y i e l d s  some i n f o r m a t i o n  a b o u t  t h i s  r e l a t i o n ­
s h i p ,  e s p e c i a l l y  i n  l i g h t  o f  T heorem  20 .
Theorem  4 4 : I f  N i s  a  n i l p o t e n t  r i n g  w i t h  a  c o m p o s i t i o n
s e r i e s ,  t h e n  N i s  f i n i t e .
P r o o f : S u p p o se  N*c+'*' = ( 0 ) ,  N^1 =}= ( 0 ) ,  an d  r e f i n e
4 2
N > N  > . . . > N  > (0 )  t o  a  c o m p o s i t i o n  s e r i e s .  C o n s i d e r
^  Ai  > Ai + j  w i t h  no  i d e a l s  be tw een . A.  ^ a n d  Ai+ 1  ;
t h e n  A ^ c A ^ ’ c N ^ 1 , so  A? + Ai+ 1  c  N^ *+1 + Ai = A.i + 1  "  i+ 1
a n d  A 2 c A 1+1 . Hence [A1/ A i + 1 ] 2 = (A 2 + A 1 + 1 ) /A i+ 1  = ( 0 ) ,  
an.d t h e r e f o r e  & ± /^ ± + ±  ^ a s  no  P r ° P e r  a d d i t i v e  s u b g ro u p s  
s i n c e  s u b g r o u p s  a r e  i d e a l s  in. a  r i n g  w hose  s q u a r e  i s  z e r o ;  
c o n s e q u e n t l y  i s  C 9] • U s in g  t h e  f a c t
A ^/A ^+j  i s  f i n i t e  we s e e  N i s  f i n i t e  s i n c e
|N | = IN/A^l *| Ax/A g l  . . .  IA0_;l/ A0 1 • IAg/ (0) |  .
T heorem  4 5 : L e t  R b e  a  r i n g  w i t h  t h e  d . c . c .  Then. R h a s
t h e  a . c . c .  i f  an.d o n l y  i f  R i s  e i t h e r  a  n i l p o t e n t  r i n g  N
o r  R = R ^ ©N w h e re  R^ i s  a  r i n g  w i t h  i d e n t i t y  w i t h  t h e
d . c . c .  and  N i s  a  f i n i t e  n i l p o t e n t  r i n g .
P r o o f : I f  R h a s  t h e  a . c . c .  an.d d . c . c .  •, th en .  R
e l  e nh a s  a  c o m p o s i t io n ,  s e r i e s  [ 1 7 ; l 6 l ]  and  (0 )  = P^ . . .P^ ' 
w h e re  R/Pj_ i s  a  f i e l d  f o r  e a c h  i  = l , . . . , n  . By T heorem  
27 R = R j © N  , w h e re  R^ h a s  an. i d e n t i t y  and  N i s
n i l p o t e n t ,  and  t h e  p r e v i o u s  t h e o r e m  shows t h a t  N i s  f i n i t e
The c o n v e r s e  i s  c l e a r .
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i n  M a th e m a t ic s  f ro m  t h e  U n i v e r s i t y  o f  A labam a i n  1 9 6 2 ,  and 
h i s  M a s t e r  o f  A r t s  d e g r e e  i n  1 9 6 4 .  A t p r e s e n t  he  i s  a  
s t u d e n t  a t  L o u i s i a n a  S t a t e  U n i v e r s i t y  i n  B a to n  R ouge, w h e re  
he i s  a  c a n d i d a t e  f o r  t h e  D o c to r  o f  P h i l o s o p h y  d e g r e e  i n  t h e  
D e p a r tm e n t  o f  M a th e m a t i c s .
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